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Abstract

In this paper. a general discussion of hysteresis and cddy
losses in iron core is presented. RL networks, in which the
inductances are nonlinear and the resistances are linear,
are developed to model the nonlincar and frequency-
dependent effects of the transformer core (saturation, eddy
currents and hysteresis). It is assumed that the core loss is
known as a function of frequency. Simulations are
compared to laboratory measurement of inrush current
and to a ferroresonance field test. The developed model is
compared to simpler core models as well.

1 Introduction

Rosales and Alvarado[1] represented eddy current effects
in the core by solving Maxwell’s equations within the
laminations assuming that the permeability and
conductivity of the material were constant. They derived
expressions for the lamination impedance Zi(jo) and
admittance Y, (jo) in the forms:

z,(jo)= R&tanh(Z), 1)
and
Y(jo)= @/ Ri&)coth(£) @
for A
2w -
=old and §=d"j€!);10' ,

where / is the lamination length; w the lamination width;
2d the lamination thickness; p the magnetic permeability
of the material and o the electric conductivity of the
lamination.

From the expansion of the hyperbolic tangent in (1) into
partial fractions

N 1

tanhE =2 T
: !;; £ +[m(2k-1)/2]
they realized a series Foster-like linear circuit and from
the expansion of the hyperbolic cotangent, they realized
the parallel Foster-like circuit of Figure 1. The accuracy
of the representation depends on the number of terms
retained in the partial fraction expansion.

3

Figure 1: Eddy Current representation of the core afier [1]
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Tarasicwicz ¢t al.]2] used (I) and cxpanded
hyperbolic tangent in continued fraction form,

the

4

and realized the ladder network of Figure 2a, known as
the standard Cauer circuit. :
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Figure 2: a)Eddy Current representation of the core after [2]

b) Eddy Current representation of the core after |4]
They observed that the number of terms to be retained in
the continued fraction of (4) is smaller than the number of
terms to be retained in the partial fraction of (3) for the
same frequency range and verified that the four sections
of the continued fraction model of Figure 2a would be
enough to reproduce the exact impedance of (1) for a
frequency range up to 200kHz with an error less than 5%.
They also noticed that to achieve the same accuracy, 72
sections of the Foster-like circuit of Figure 1 would be
required. Based on that, they decided to work with the
standard Cauer circuit. However, it seems the authors
were not aware that once the circuit parameters of Figure
2a are known, a Foster-like equivalent circuit which
reproduces the same frequency response with exactly the
same number of elements can be realized as well (later on,
network realizations will be addressed)[3]. Therefore, it
seems there is no apparent gain in choosing this ladder
network to represent eddy current effects in the core.

De Leon and Semlyen[4] suggested the Cauer circuit of
Figure 2b. The RL parameters were obtained by a
nonlinear fitting process to match (1). This circuit can be
interpreted as a discretization of the lamination. The
inductances represents the flux paths and the resistances
produce the eddy loss. At DC excitation, the current flows
through the magnetizing inductances lying longitudinally
(in the previous circuits, the DC current flows through
one inductance only). This could be interpreted as a
uniform flux distribution in the entire lamination at DC
level.
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3 Core Loss

A more detailed core model should take into account the
nonlinear and frequency-dependent effects of saturation.
hysteresis and eddy currents. It should be emphasized that
information about how eddy and hysteresis losses are
split, is in fact artificial. Today, the point of view of many
researchers is that virtually all the observed losses are
resistive losses associated with micro eddy currents due to
Barkhausen jumps of domain walls {5.6]. no matter how
slow the magnetization loops are traversed.

Core modcls in which hysteresis and cddy currents are

treated simultaneously arc developed in the next sections. -

A Foster-like circuit is used to represent both, hysteresis
and eddy current effects. First, consideration is given to
the core operating in the linear region. Nonlinear effects
are considered later.

4 Eddy Current and Hysteresis Modelling

There is a property of linear passive networks in which
the knowledge of the real part of an impedance Z(s) for
s=jo (Re (Z(jo)), completely determines Z(s) [7]. If (Re
(Z(jo)) is a given rational function of frequency ®, then
one can construct the corresponding rational function Z(s)
in terms of the complex frequency variable s. Once Z(s) is
known, it can be realized as a passive network [3,7,8].
The same process applies to the admittance function Y(s),
as described next. ‘

4.1 Construction of Y(s) from Its Real Part

The process of constructing Y(s) or Z(s) from their real
parts is well known in network synthesis theory and only
a brief discussion is presented here. For more details, the
reader is referred to [3,7].

Consider first a simple circuit composed of only two
linear RL elements connected in parallel (Figure 4a).

(@) ®)
Figure 3: Corc parameters. ,
Its admittance Y(s) could be written in the form

>
>

11
Y(s)= R + i
It follows that
G=1/R=(Y(s)+Y(-s))/2. (5)
If the clements are frequency-dependent,

G(w)=1/ R(w)=Re[I(jw)], or with s=jo,

RAI($)]=(X(s)+T(-s))/2. (6)
Now, consider the exciting branch of a single-phasc
transformer to be linear (the extension of the method to
include saturation effects will be done later). One can
visualize the core opcrating below the knee of the
saturation curve. In this region, the saturation curve could
be approximated by a linear segment (dashed line of
Figure 3b). The exciting branch can be represented by a

frequency-dependent lossy element R(w) in paraliel with
the magnetizing inductance L(®). The relation which ties
R(w) to L(w) is shown below.
First rcpresent Y(s) as a rational function containing n
pairs of poles and zeroes :
’ N(s) . (s+z)(s+2))--(s+z,)
D(s) " C(s+pXs+py)-(s+p,)’
pi and z, arc rcal and positive, i.c., the poles and zcrocs of
Y(s) lic on the left hand side of the s planc. From (6) and
(7), the rcal part of Y(s) is expresscd by:
N(s)D(—s)+ N(—s)D(s)}
IXs)(-s)

Y(s)= @)

Re[X(s)]= %[

or
. U(Sz) . (—32+u12)-~~(—sz+u3)
Re[¥(s)]= W(s2) =K, STt (Rt

®)

where u; is also positive and real [9]. Expanding (8) into
partial fractions

Re[Y(s)]= K +

-
1 n

Ty
Further expanding each fraction of the equation above
into two partial fractions

®

K /2p K /2p K,/2p, K,/2p,
Re[Y(s)]= K, +— + Hoot
FON= Rt v  rm T st T st
or
. (k. K2, K. K[!,
Re“(s)]"[2+ +(s+p”))+ +(2+ +(—s+p,,)}
(10)

Comparing (6) and (10) it is clear that the admittance
function is given by:

K\ /p +K2 /P e K,/p,
(s+p) (s+p) (s+p,)
From (11), one can also write the admittance in the form:

Y(s)=K,+ an

as"+---+a,8’ +as+a,
b+ + b’ +bs+b,

It can be seen that if the function G(o)=Re]Y(w)] is
known, ¥(s) is dctermined.! It should be pointed out that
G(w) must be cpressed as an even rational function in »
with real cocfiicients in the form of (8) with »’= -s* and
0=<G(o)<ec for all frequencies [7]. A curve fitting
procedurc to obtain G(w) or R(w) in the required form,
from one of the core loss - frequency curves supplied by
steel lamination manufacturers, is explained in Appendix
A. It is recommended that the data be taken for an
induction level, at which the lamination is not saturated.

4.2 Linear Network Synthesis

From Y(s), any of the RL equivalent networks of Figure 4
can be realized with the same minimum number of
elements. If for any of these circuit, the parameters are
known, Y(s) or Z(s)=1/Y(s) could be determined and the
remaining circuits could be realized as well. It must be

Y(s)= (12)

2

1 The construction of Y(s) from its real part in the partial fraction form of
(11) was first suggested by Bode[9]. There is a method to compute the
coeflicients g; and b; in (12) directly from (8) due to C.M. Gerwetz [3]
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clear that all these circuits are equivalents only with
respect to their terminals, i.e., the network elements of
cach circuit must have the proper values to produce the
same terminal impedance or admittance as a function of
the complex frequency s.

R, Ly
Ln ]
a)Parallel RL Foster network  b) Series R1. Foster network
Ln L ] Ro R,

¢) Physical Cauer network d) Standard Cauer network
Figure 4: Realization of RL networks.

Let us describe the algebraic process for realizing the
parallel Foster-like circuit. The terminal admittance of the
RL network of Figure 4a is

1 L,
R, +,§ s+R/L, ’
This circuit could be realized directly from (11) with

¥(s)= (13)

1 P
Rm"Kw B} l"'_Ki

For the Cauer circuit of Figure 4c Y(s) is written in the
contmued fraction form

¥(s)=7~

2
and R,:%.

1
1
1

(14)

R.Q,Jns+1

R, L s+
. i
+~—-‘J_ + 1
R, Ls+R
Equation (14) could be derived from (12) according to the
following steps:

a - from (12) Y(s) is split into two terms by removing the
constant a,/b,,,

¢l A BN
a, a,,s"'+---+a,s +as+ag
=—+ 15
) b, b +---+bs +hs+b as)
or
Y(s) In 4 L
S)=———
YTh, " b+ 4 b5’ +hsthy
a, s ety tas+ a,
b - removi
n-1
term of the equation above, results
‘ (16)

a
Y(s)=—2+
b, b,s N 1

a,. {a'ﬂ_ls"‘l 4o 4ayS +as+ag J
S ;o2 4 :
b " 4t bys' +hs+b,

Now, the process of long division is done for the term
between the brackets (steps a and b are repeated). For
each cycle, a constant (step a) and a pole at s=oo(step b)
are removed. The process continues until the order of the
polynomial in the last continued fraction is one. For the
remaining circuit realizations of Figure 5, the reader is
referred to [3].

A remark must be made about the calculation of Y(s).
Consider the Foster-like circuit of Figure 4a with an
inductancc L4, placed across its terminals (Figure 5). It is
clear that Ly does not affect the conductance G(w); it
affects only the susceptance. In the process described
earlier, Y(s) is the minimum admittance function that
produces G(®). The full admittance is given by L, in
parallel with Y(s).

Figure 5: Frequency-dependent representation of the core.

4.3 Iron Core Nonlinearities

Since the resistances and inductances in the circuit of
Figure 5 do not represent any physical part of the core, it
is not clear how to incorporate nonlinear cflects.
Considering that low frequency elements contribute more
to saturation than high frequency elements, only the
inductance Ly is made nonlinear. The Foster-like circuit
was chosen because it has only two nodes, therefore, it is
computationally more efficient than the remaining circuits
of Figure 4.

4.4 Numerical Example - Hysteresis

It is appropriate to illustrate how the model works for an
example in which a core is assumed to experience only
hysteresis loss (this is an arbitrary case since hysteresis
and eddy losses cannot be separated). Initially, suppose
hysteresis could be reproduced by a resistance in parallel
with a nonlinear inductance. For a sinusoidal applied
voltage, at rated frequency, the flux-current loop of Figure
6a is obtained. Let us keep the flux amplitude constant.2
For any frequency, the area inside the flux-current loops
should be the same and the loss is a function of how fast
the trajectories are traversed. For a frequency equal to
twice the rated frequency, the voltage doubles. So,
hysteresis resistance would have to be twice the hysteresis
resistance at rated frequency to produce the same loss per
cycle. For any frequency, the resistance R, should be
replaced by an equivalent frequency-dependent resistance
R(w) according to:

Rw)=Rolo,, 17)
where @, is the rated angular frequency and R, is the
hysteresis resistance at rated frequency.

Let us now represent the core by a two slope A-i curve,
defined by points in Table 1, and a resistance R,=100 Q
at rated frequency (60Hz). Using the method described in

2 This could be acomplished by keeping constant the ratio between the
amplitude of the voltage signal and the frequency.
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the previous sections with Wy>>W.qq, (Appendix A), the
Foster-like circuit parameters of Figure 4a are found for a
frequency range from 60 Hz to 3 kHz. The fitted
frequency-dependent resistance and its value from (17)
are shown in Figure 6b.

/ gs __{ ——  Exaa Curve g //
/. // -84 -] - Fitted Curve /_,,/:
% 23+ -
7 i 38 .{ g
// ‘/. i é 2 _i .
e g 1- i . -
4] e
-4 - 2l T i
1 2 3

Frequency (kHz)
(b)

Figure 6 : a) A—i hysteresis curve.
b)frequency-dependent resistance

(a)

Table 5.1 : Flux-current curve

Current (A) Flux (V.s)

0.0000 0.0000

20.0000 0.4000

300.0000 0.6000

0.5
2
&
=
5
5
ix
0.5

(@
Figure 7: a) Constant resistancec.
b) Frequency-dependent resistance

The flux-current plots shown in Figure 7 were obtained
from time-domain simulations using Microtran®] 10].
Sinusoidal flux linkages of constant amplitudes and
frequencies of 60 Hz, 180 Hz and 300 Hz, were used for
the simulations. In Figure 7a, the loops were obtained
considering the core loss represented by a constant
resistance and, in Figure 7b, with the frequency-
dependent model developed here. In Figure 7b, the area of
the loops are nearly independent of the frequency,
however, the flux-current loops tilt slightly clockwise as
frequency increases. In a qualitative way, one could
interpret that an increase of the core resistance is
associated with a decrease in the core inductance caused
by the flux being pushed away from the center of the
lamination.

5 Inrush Current

A single-phase 60 Hz, 1 kVA , 208/104/120 V laboratory
transformer, in which the core is made of non-oriented
silicon steel laminations, was tested. From short-circuit
tests, with the voltage source connected to the 104 V side:

®)

1. AC resistance measured with the 120V side short-
circuited - 0.60 Q;

2. Leakage reactance with the 120 V side short circuited -
0.19 Q;

3. DC winding resistance - 0.40 Q.

The points (empty circles) of the flux-current
characteristic of Figure 8a were obtained from no-load
loss measurements and I,,,-/ms values, using the method
developed in Chapter 3 of [12]. When the core is
operating in the unsaturated region, its inductance can be
roughly approximated by 2.4 H. The corc loss at 60 Hz is
representcd by a constant resistance of 1.8 k Q. All
parameters are referred to the 104 V terminal.

EER
204 € 80 { l
§03 5 40
Fo2d g 0
;30.2 1 = 40
E -120
T T T T | -160 T 1 T 1
5 10 15 20 25 0.05 0.10 0.15 0.20 0.25
Current (A) Time(s)
(@ (b)

Figure 8: a)Flux-current curve; b) Input voltage.

The Foster-like circuit linear parameters shown in Table
2, was caiculated for a frequency range from 60 Hz to 3
kHz assuming the ratio of hysteresis to eddy loss per
cycle to be Wy/Wessy=2 at 60 Hz [11] (it does not make
any difference in the simulations if this ratio is taken as 1
or 3). The transformer was initially demagnetized and
later, a voltage source was switched in the 104 V
terminal. The voltage signal (Figurc 8b) was saved as an
ASCII file and used as input in Microtran®. The inrush
current waveform was measured as well. Plots of the
simulated current using two core models (Foster-like
circuit and a constant resistance in parallel with a
nonlinear inductance) and the measured current using a
time step of 50 us, are shown in Figure 9a. For the study,
a straight line segment was connected to the last point of
the curve of Figure 8a. Its slope was chosen to match the
first peak of the measured current, when the flux linkage
reached its first peak (the flux waveform was obtained
integrating the voltage waveform of Figure 8b).3

Table 5.2: Linear circuit parameters

~ Foster-like ciromt parameters
Lac=2.4000 H R;= 1722.4899 Q
Li=4.1518H Ry=22264.6946 Q
L;=46595H Re= 5271.3702 Q

In general, the agreement between measurement and
simulations, for any of the used models, is good. Figure 9b
is a magnification of Figure 9a for the time interval
between 0.15 and 0.20s. The two core models produce
nearly the same response and are in good agreement with
measurements. Another simulation was performed

3 By extending the last segment of Figure 8a, it was found that the first
current peak in the simulations was underestimated by nearly 5%. The
winding resistance, used for the simulations, was 0.45 Q which is slightly
above the measured value.
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representing the core by a nonlinear inductance only. The
current waveform was nearly the same as the constant
resistance curve of Figure 9.

20

140 7 =~ =- = Coastant Resistance
,-\}38 a = — ~ Constmt Resistance ~6 -:] —— - Measured Curve
§ 803 ‘ T Meamwed Qurve 57::4 ] o Fomerlke Cimit
b Foster fike Circuit ; ! 3 \
g %i | E2 - f i [‘; i
S 209 I SO RV AV |
0 Ut T0 AP M e
S LS S
0.05 0.10 0.15 0.20 0.25 0.15 0.20
Time(s) Time(s)
(@ (®)

Figure 9: Transformer inrush current.
6 Ferroresonance

Consider the BPA (Bonneville Power Administration)
1100kV test system (details in [12]). It comprises a
generating station, a transformer bank (autotransformers)
and a short three-phase transmission line. Field tests were
carried out. Ferroresonance occurred in phase A when this
phase was switched off on the low voltage side of the
transformer. The {transformer exciting branch is
represented by a Foster-like circuit with the parameters
calculated for a frequency range from 60 Hz to 3 kHz,
assuming the ratio of hysteresis 10 eddy loss per cycle to
be Wp/Weisy=1 at 60 Hz [13]. The simulation and field
test results for the voltage at phase A (transformer high
voltage terminal), are shown in Figure 10.

1200

800
S
& 400
g; 0
g -400
-800
T 7 4 ¥ T 4 7
20 40 60 80 100 120 140
Time (ms)

Figure 10: Ferroresonance in a power system.

The Foster-like circuit produces nearly the same response
as a linear resistance in parallel with a nonlinear
inductance.

5.7 Summary

An approach to model frequency-dependent effects in the
transformer core from core loss data was presented. The
parallel Foster-like circuit model, in which hysteresis and
eddy current effects are treated simultaneously, was
realized. Theoretically, the circuit models can be used for
any frequency range (minimum frequency must not be
Z€ro).

If the circuit model is used to represent a core in which
the hystcresis loss is dominant (e.g. amorphous corc [14]),
the core loss per cycle is nearly independent of the
frequency. The flux-current trajectorics are generated by
the circuit models with no need to pre-define them.

An inrush current case and a ferroresonance case were
used as test examples. For both cases, there were no major
improvements in representing frequency-dependent effects
in the core.

It is still premature to say that frequency-dependent
effects in the core arc not important for all transient cases.
More validation tests against other field measurements
need to be made in the future, to fully determine their
importance for practical applications.
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Appendix A-Rational Approximation of the Real Part of Y(s)
A.1 Fitting Procedure

Similar to equation (8), the frequency-dependent
resistance could be expressed as rational function in -

(—s? +a12)(—s2 +a§)--~(—s2 +a:)

R(s)=R, (—52+b|2)(—s2+b22)--~(—s2+63) (A.D)
and with s=jo, R(w) is written in the form:
2 2 2

R@)=K (q©° +1Xcy®° +1)--- (¢, 0 +1) (A2)

©(dyo’ +1X(d,0 +1)--- (d, 0" +1)
Where K,, c,=1/a? and d,=1/b} arc positive real
numbers, with i=12;--,n.The right hand side of (A.2) is
fitted to the known function R(®). The goal here is to
compute X, ¢, and d,. The number of terms n will
depend on the frequency range of interest. R(w) is fitted
interval by interval as shown in Figure A.1 starting with
the interval between on, and @, and ending with the
interval between ®, and ®may .

R(m) Interval 2

Interval n

Interval 1

v

Opmin o, ®2 [ Omax  ©

Figure A.1:
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The algorithm proceeds as follows:

1 - For interval 1, write R(®) as

K0 +K,
(dw? +1)
R(w)

(c,a) +1)
(d T+l

K,0" - dR0)0" +K, =

R(w)=

or (A3)

2 - Estimate o»,. Take m frequency sample points between
® and O, . Build the overdetermined svstem of
equations (A.3) with only the parameters X,. K,and d,
unknown. A weighted linear least square fitling
routinef15} is used to find these parameters (¢, =
also computed). If the maximum error in the fitting is less
than a predifined value, proceed to next step, If not, o, is
reduced by small steps Ao, and the system of equations
(A.2) is reevaluated.
3- For interval 2 in Figure A.1, write R(0) as

(q0" +1Xc,0 +1)
€ (d@’ +1)d0" +1)°
with K, ¢ and d, already known from the previous step.
Estimate o, and find ¢, and d, following the procedure of
step 2, with the m frequency samples now taken between
Omin and o,.

Rw)=K

For the remaining intervals in Figure A.1, ¢, and d, are
found in the same fashion and the oonstanls R,, a; and b;
of (A.1) are determined.

Expericnce has shown that a first estimate of ©; = 5@,
(with A®1=0.10min) and subsequent estimates of w;,; = 10
o; (with Aw; = 0.1w;, for i = 2) are usually very closc to
the final values for an error of 3% and 100 frequency
samples used as input parameters to the fitting routine.

A.2 G(a) Obtained from Lamination Data

Steel manufacturers may supply core loss vs. frequency
curves for the most commom lamination grades subjected
to constant flux amplitudes*. These data are generally
obtained on Epstein samples using a sinc wave voltage
source following the test procedure of ASTM Standard
Method A-34. With this information one can obtain either
the frequency-dependent resnstance R(®) or conductance
G(w) as described next.

In the sinusoidal steady state the average power P is:
B, =FP(w). (A4)
R(w) is obtained by: R(w)=V /2P, )=1> 0%/ (2P(w)),
where ¥, and A, arc the amplitude of the applied
voltage and flux, respectively. Since the flux is kept
constant, R(w) can be written as
R(0)= Ko’/ P(w).

loss

(A5)

It is convenient to normalize R(w) assuming that the
resistance measured at the transformer rated frequency o,
is R(o,)=1. So, the constant X in the equation above is

4 To avoid confusion of trade names, the American Iron and Steel Institute
has assigned AISI type numbers to electrical steel. These consist of the Ictter
“M” (for magnetic material) followed by a number which, when the
designations were originally made, was about 1o ten times the core loss in
watt/lb at 15 Iulogauss (1.5 T) and 60 Hz for 29 gage shect (0.0140 in).
Core losses have since been reduced but the type numbers remain [5].

K, /K, is

(=P(0,) o, : (A.6)
and the normalized resistance Rx(®) is
Ry(@)=P(w,)o’/ (0, "P())-. (A7)

So, if the transformer lamination loss vs. frequency curve is
known, an estimate of the frequency-dependent core loss
resistance can be made by scaling the normalized
resistance Ry(w) to the resistance at rated frequency R(w,).
Then. Rlw)= Ry(w)-R(w,). and G(w)=1/Rw).

A.3 G(w) Obtained from Standard Tests

The frequency-dependent core resistance could also be
estimated from transformer standard tests. The plot of
loss/cycle can be crudelly approximated by a straight line,
as shown in Figure A 2.

v

f
Figure A.2 : Transformer core loss curve at rated

Power transformer manufacturers usually supply two or
three values of no-load loss at different frequencies, with
the flux kept at the rated level. From Figure A.2, the loss

per cycle coud be written as
ki ’f‘” =W, + Wy, - ; (A.8)

where f'is the frequency in which the loss is measured, f;
is the rated frequency, W, is the hysteresis loss per cycle
and W, 44, is eddy loss per cycle at the rated frequency.

Taking (A.8) and writing the loss for the angular

frequency o=2xf",
@
)’

1
Floss =5;(Wh 0 +Woy,
From (A.5) and (A.9), the resistance R(w) is
Alw? o’
=——= = (A.10)
2P‘°" 1 4 7 wZ
_[”h -0 +”¢ddy . _((:)

(A.9)

Normalizing R(o), as done for (A.6) and (A.7),
Ry (0)=Ko/(ratio+o/ 0 ),
where ratioc=W,/Weuy and K =(ratio+1)/ o,
The resistance and conductance are then:
R(w)=Ry(®)-R(w,), and G(w)=1/R(w). (A.12)
If the transformer manufacturer does not supply the core
loss vs. frequency curve, a typical ratio ’eddy 1S
commonly taken as unity [13]. In practice, the straight
line of Figure A.2 could be drawn using loss measurement
data gathered from routine tests. For instance, it could be
obtained from the loss measurement taken at rated voltage
and rated frequency and, as recommended by ANSI
C57.12.90 (Induced Overvoltage Withstand Test), from
the loss measurement taken at twice the rated frequency
and doubie voltage amplitude.

(A.11)

IPST 95 - Intermational Conference on Power Systems Transients

Lisbon, 3-7 September 1995

130



