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Abstract—Recent advances in power electronics have
led to rapid deployment of power electronic devices such
as HVDC and FACTS controllers, in the power system.
The controllers for these devices determine their oper-
ational behaviour, therefore accurate representation in
system studies such as electromagnetic transient analy-
sis. The details of the controls differ due to the differing
characteristics and requirements of the systemn they are
connected to. To cope with this electromagnetic tran-
sient programs allow flexibility in controller modelling
by providing fundamental control blocks which can be
interconnected in an arbitrary manner. Each block is
simulated by a difference equation created by numerical
integrator substitution into the appropriate equation.
This however introduces a time-step delay in the data
path as some variables are from the previous time step
when evaluating a difference equation, as the difference
equation evaluating it has not be solved yet. This in-
troduces error and when sufficiently large, instabilities
in the simulation. This is particularly true when the
time-step is large relative to some of the time constants
of the controller.

This paper demonstirates the effect of this time-delay
in data path and shows how the z-domain is a powerful
tool in analysing the difference equations and data path
delays involved with representing the controllers. From
the z-domain considerations instabilities can be accu-
rately predicted. Moreover these two ways of repre-
senting controllers is compared to the exponential form
of difference equation derived using root-matching tech-
niques.
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I. INTRODUCTION

Controller representation is of great importance in
electromagnetic transient simulations due to their great
influence. Recent advances in power electronics have
led to more power electronic devices, such as FACTS
devices, being deployed in the power system and each
requires some type of controls. In fact the performance
of FACTS devices is more greatly influenced by the
controller representation than the main circuit repre-
sentation.

Ultimately the controller must be represented by dif-
ference equations for simulation purposes. This in-
volves translating the control blocks, such as integra-
tors, multipliers,..etc, inte a discrete form for simula-
tion on a digital computer. In other words the con-
troller must be represented by difference equation(s)
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for simulation. Not only is the difference equation cru-
cial for accurate simulation but also the mathematices
of data flow.

There are a number of different approaches adopted
by electromagnetic transient programs for enabling ar-
bitrary controllers to be modelled. However they cen-
ter on providing basic control function blocks that can
be interconnected in an arbitrary manner. Although
very powerful it invariably leads to one time-step delay
in some data flow paths, which can lead to instabili-
ties. The alternative, of deriving the transfer function
for the complete controller removes the time-step delay
in data flow but lacks flexibility. This paper demon-
strates the effect of this time-delay in data path and
shows how the z-domain is a powerful tool in analysing
the difference equations and data path delays involved
with representing the controllers. From the z-domain
considerations instabilities can be accurately predicted.
Moreover these two ways of representing controllers is
compared to the exponential form of difference equa-
tion derived using root-matching techniques [1] [2] [3].

IT. ILLUSTRATIVE EXAMPLE

The first-order lag control system, depicted in Fig.
1, will be used to demonstrate the use of z-domain for
prediction of instabilities.
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Fig. 1. First-Order Lag
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where
f = feedback path = 1/G
g = forward path = %
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The equations for the two blocks are:

e = u-— éy (2)
Ge
v = o (3)

Substitution of the Trapezecidal rule to form differ-
ence equations gives:

1
€ = Ux — 5 (4)
_ Atley + Bk_1)G
Ve = T— (5)

From this the difference in data path becomes appar-
ent. If solved as two separate difference equations then
ex must be calculated from y at previous time-step as
Y is not available, hence one time step delay in y data
path. Swapping the order of equations will result in the
same problem for e data path. Although an iterative
approach could be used it is undesirable. Substituting
one equation into the other and rearranging results in
a difference equation with no delay in data path. This
is equivalent to performing integrator substitution on
the transfer function for the complete controller

A. Time-step delay in data path

If there is a time-step delay in feedback path due
to the way the difference equation for each block is
simulated, then ex = (ug — Fyk-1)

y=" (©

Applying trapezoidal integration gives:

AlG
Ye—1 + —---(Ek + ex-1)

Ye =
= + A G(u ! tup - = )
= Yk k G‘yk -1 k-1 Gyk -2
R R T
= \WYr-1 2%1 2?)'1:2
AWG
+_2_1'_(uk +ug_y) (7
Tranforming the equation into the z-plane yields:
At At
Y- 2h a2 - %(1 +27Y)U (8)
Rearranging gives:
K B AtG’(l + z—l)
U~ (1-z71(1~ &) + 27288
_ A‘Gz(z +1) ©)
T (2-2(1- At)+€‘:’
The roots are given by:
b+ b — dac
2,80 = {10)

o2 i

= —(1——-— \/(1 3_A_§ +é£—(11)

Stability is assured so long as the roots are withing
the unit circle |z| < 1.

21,22 =

B. No Time-step delay in data path

If no delay in the feedback path implementation then
er = (ux — Sur)
Applying trapezoidal integration gives:

= + tG(e + )
Ve = Yk o, \Ek €r—1
_ + AtG’( 1 + )
= Yk 27 Ui Gyk Uk—l—GyL 1
(s ~ Sk~ Sovkr)
k-1 o7 Ye or Yie—1
AtG
+‘“§11—(Uk+uk 1) (12)
Tranforming the equation into the z-plane yields:
At At
Y-z 1+ 2 -1(—-1) BG4
2T 27
(13)
Rearranging gives:
_}: B AtG(1+z—l)
U T (-2l g+ (8- )
AtG
+1
2(1+ gt )+( ~-1)
Pole is: ( At
1 4t
27
= ———il- 15
(1+ £ (15)

Note that |zpa| < 1 for all A‘ > 0, therefore is al-
ways stable. However this does not mean that numer-
ical oscillations will not occur due to errors in trape-
zoidal integration.

C. Root-Matching Technique

Root-Matching
Y _ G-
U (1—z—1e= %)
1%
2G( 6:4 (16)
(z - %)
Y= ¥ g4+ G- ey (17)

Transforming to the time domain yields the differ-
ence equation:

Y = e"elyk—z +G(1 - <-:'"A'£)'u.,;c (18)
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Fig. 2: Simulation results for time-step=5 us

Pole in the z-plane is:
Zpote = €% (19)

Note that |zpore| < 1 for all =% < 1 hence for all
At >

III. ILLUSTRATIVE EXAMPLE

With reference to Fig. 1, three time-steps will be
considered (At = é,-r, 107). For each time-step the
results from using three different difference equations
are given; Trapezoidal with no feedback (data path)
delay; Trapezoidal with data path delay and exponen-
tial form using Root-matching technine. These results
are shown in Fig. 2 to Fig. 4 for At = 1, 7,107 respec-
tively.

When &t = L solving equation (11) results in two
real roots exist, they are z; = 0.0559 and z; = 0.804.
As both are less than one the resulting difference equa-
tion is stable. This can clearly be seen in Fig. 2. The
exponential form and Trapezoidal with no data path
delay are indistinguishable while the error introduced
by data path delay is noticeable.

When % = 1 a pair of complex conjugate roots
result (21,22 = 0.5 £+ j0.6614). They lie inside the
unit circle (|z;] = |22} = 0.82916 < 1) hence stable.
Fig. 3 shows that although considerable error has been
introduced by the time-step delay in data path, the
difference equations are stable. The result from the
difference equation with data-path delay shows a large

error {overshoot) which dies down in approximately 20
time-steps. A slight difference can be seen between no
data delay using Trapezoidal integrator and exponen-
tial form.

When —AT—‘ = 10 two real roots exist. They occur
at z,2z; = 1.382 and 3.618. Since these lie outside
the unit circle in the z-plane the system of difference
equations are unstable. This is shown in the simulation
resuits in Fig. 4.

As predicted by equation (15), the difference equa-
tion with no data path delay is always stable but close
examination of an expanded view (displayed in Fig. 5)
shows numerical oscillation resulting from using trape-
zoidal integrator. This numerical oscillation will in-
crease as the step-length increases. Fig. 5 also shows
the theoretical curve and exponential form of difference
equation. The Exponential form of difference equation
gives the exact answer at every point it is evaluated.
The exponential form has been derived for the overall
transfer function (i.e. no time delays in data paths).
If a modular building block approach is adopted, the
exponential form of difference equation can be applied
to the various blocks and the system of difference equa-
tions solved in the same way as for Trapezoidal inte-
grator. However, the errors due to data path delays
will be incurred.
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Fig. 3: Simulation results for time-step=>50 us

IV. CONCLUSION

This paper has highlighted the effect of the time-
delay in data path that results from having a mod-
ular approach to controller representation. The use
of z-domain in analysing the difference equations and
data path delays has been demonstrated. From the
z-domain analysis instabilities can be accurately pre-
dicted.

Modelling the complete controller transfer function
is preferable to a modular building block approach as
it avoids the data path delays and inherent error as-
sociated with it, which can lead to instabilities. How-
ever the error due to the use of trapezoidal integrator
still exists for which the solution is to use the expo-
nential form of difference equation derived using root-
matching techniques.
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Fig. 5: Expanded view of Simulation results for time-step=500 us
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Fig. 4: Simulation results for time-step=500 us
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