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Abstract – This paper proposes a formula to estimate surge 
characteristics of a horizontal long grounding conductor. The 
formula is derived in time domain on the basis of a lattice 
diagram method, and is very simple to do rough estimation. This 
paper describes propagation characteristics of voltages on the 
grounding conductor using the proposed formula. Accuracy of 
the formula and an effective length of the long grounding 
conductor are discussed. 
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I. INTRODUCTION 

A long grounding conductor is frequently used to ob-
tain low grounding resistance. Surge characteristics of the 
grounding conductor should be considered for steep-front 
currents. Voltage propagating on a distributed-parameter 
line is generally expressed as follows: 

xx eVeVV ΓΓ− += 21  

ZY=Γ   

dd LjRZ ω+=                           (1) 

dd CjGY ω+=  

where Z: line series impedance per unit length, Y:, line 
shunt admittance per unit length, Rd: series resistance per 
unit length, Ld: series inductance per unit length, Gd: shunt 
conductance per unit length, Cd: shunt capacitance per unit 
length, x: coordinates along the conductor, ω: angular fre-
quency. The shunt conductance of an overhead conductor 
is usually ignored. Lattice diagram method [1] and Dom-
mel’s method [2] are frequently used for surge analysis, 
and adopt eq. (1) of a loss-less line with Rd=Gd=0. On the 
other hand, the conductance of a buried bare conductor in 
the ground plays an important role. It is difficult to repre-
sent the surge characteristics of a long grounding conductor 
in time domain even assuming Rd=0 because the propaga-
tion constant Γ is a function of frequency due to the pres-
ence of the shunt conductance. Numerical computation is, 
therefore, mainly used to simulate the surge characteristics 
of the long grounding conductor [3-5]. However, it is not 
convenient for rough estimation, and the simulation does 
not directly show a physical meaning of the surge charac-
teristics. Thus, a simplified formula is required to estimate 
measurement and simulation results. 

The authors derive an analytical formula of sending-end 
voltage on the long grounding conductor in time domain 
based on the lattice diagram method. The proposed formula 
is simple and convenient. Frequency dependence of the 

conductor constants is sometimes considered. This depend-
ence should be treated in frequency domain, and this paper 
takes the frequency dependence into no consideration. This 
paper describes propagation characteristics of voltage and 
an effective length of the long grounding conductor using 
the proposed formula. 

II. EQUIVALENT CIRCUIT OF LONG GROUNDING 
CONDUCTOR 

Fig. 1 illustrates a part of an equivalent circuit of a long 
grounding conductor. The equivalent circuit is composed 
of the shunt conductance due to finite soil resistivity and 
the loss-less line. The equivalent circuit shows sufficient 
accuracy as described in Appendix A. Coefficients A, B 
and A’ in Fig. 1 are given by: 
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where R=(G∆x)-1, A: refraction coefficient from k to k+1, 
B: reflection coefficient from k to k+1, A’: refraction coef-
ficient from k+1 to k, Z0: surge impedance of the loss-less 
line, v: surge velocity on the loss-less line, ∆x: elementary 
length of the line. The coefficients are real number. There-
fore, voltages on the grounding conductor can be expressed 
in time domain using the lattice diagram method. 

III. DERIVATION OF SIMPLIFIED FORMULA 

A. Assumptions to Derive Formula 

The following assumptions are adopted to derive a sim-
plified expression. 
(a) Series resistance is ignored. 
(b) Conductor constants are independent of frequency, and 

soil resistivity is homogenously distributed. 
 

 
 
 
 
 
 
 

Fig. 1 An equivalent circuit of a long grounding conductor 
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K(c) Voltages reflected more than three times on the long 
grounding conductor are ignored. 

(d) π−circuit representation composed of a series induc-
tance and a shunt capacitance with infinitesimal length 
is equivalent to a loss-less line. 

B. Basic Idea 

The lattice diagram method [1] is applicable to a non-
uniform line such as tapered line [6] and nonparallel line 
[7]. The surge impedance of the non-uniform line varies 
along the line, and voltages reflected on the line due to the 
discontinuity of the surge impedance are generated. Send-
ing end voltage is given by the sum of applied voltage and 
the reflected voltages. An analytical formula of the voltage 
on the non-uniform line can be obtained as 0→∆x . 

Considering the reflection voltages within length x, 
where x is the distance from the sending end, the number of 
segments n is denoted by: 

x

x
n

∆
=                                  (3). 

The coefficients A and B can be rewritten as follows: 
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The surge impedance of a horizontal long grounding 
conductor is independent of location, and the shunt con-
ductance is distributed along the conductor. Consequently, 
voltages reflected and refracted on the grounding conduc-
tor appear at each nodes of the conductor as shown in Fig. 
1. The reflection and refraction coefficients are real num-
ber and constant. Coefficient of voltage with ath order re-
flection and bth order refraction is denoted by AaBbA’a. 

Fig. 2 illustrates a lattice diagram along a long ground-
ing conductor, where Ps and� Qs are refraction and reflec-
tion coefficients from the grounding conductor to the volt-
age source, respectively. For simplicity, only B, QsB

2 and 
B3 components are drawn on the figure. Sending-end volt-
age is observed at point K. 

C. 1st Order Reflection Voltage on the Conductor 

Voltage Vb’ reflected once on the grounding conductor is 
given by: 
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where E: original sending end voltage with step waveform. 
The influence of the first shunt conductance on the sending 
end voltage can be ignored. The original sending end volt-
age E of the circuit in Fig. 2 is given by: 

0
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0 E
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=                           (6). 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2 A lattice diagram along a long grounding conductor. 
 

Substituting the following relations (see Appendix B) 
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into eq. (5), the reflection voltage Vb’ as a limit 
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is derived. x is the location of the head of the traveling 
voltage, and 

vtx
2
1

=                               (10). 

D. 3rd Order Reflection Voltage on the Conductor 

Voltages reflected three times or more on the conductor 
are sometimes necessary to get higher accuracy. From the 
assumption (c), only third-order B component Vb” is con-
sidered here. Number Ni of paths of the component B3A2(i-1) 
is given by: 

iiNi )1(
2
1

−=                           (11). 

Accordingly, the voltage of the third-order B component is 
given by: 
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From eqs. (7), (8), (12) and 
xnB

x
θ−=

→∆
lim

0
                          (13), 
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is obtained. 

E. Voltage Reflected at the Sending End 

Voltage, which is reflected on the grounding conductor, 
and then reflected at the sending end, is reflected again on 
the grounding conductor. This voltage Va is observed at the 
sending end, and is given by: 
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where Mi=i. Substituting eqs. (7), (8) and (13) into eq. (15), 
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is obtained. 
The sending end voltage, until an influence of the receiv-

ing end of the conductor appears, is calculated considering 
a boundary condition at the sending end as follows: 

)"'( abbs VVVPEV +++=                    (17). 

Eqs. (9), (14) and (16) are very simple, and it is very 
convenient to carry out rough estimation of surge charac-
teristics of a long grounding conductor. 

IV. VERIFICATION OF THE PROPOSED FORMULA 

This chapter verifies accuracy of the proposed formula 
for the circuit illustrated in Fig. 3. Table I shows test cases 
for the verification, where l=100m, v=100m/µs, which 
equals one-third speed of light in free space, and E0=1p.u. 
Steady-state grounding resistance R0 of the long grounding 
conductor is given by: 

1
0 )( −= GlR                             (18). 

Ref. [8] suggests on the basis of experimental results that 
surge impedance of a horizontal long grounding conductor 
is not dependent on its length and soil resistivity. Here the 
surge impedance of about 100Ω is used. 

Fig. 4 shows calculated waveforms of sending end volt-
age Vs by the proposed formula (17) with solid line and 
exact solution with dotted line. Maximum observation time 
is twice traveling time of the grounding conductor. The 
exact solution is obtained by calculating the following 
equation using a numerical Laplace transform [9]. 
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where )   ,)/(0 sCsL(GsCGsLZ ff +=Γ+= , s: 

Laplace operator, l: length of the grounding conductor 

 
 
 
 
 
 
Fig. 3 Test circuit for verification of the proposed formula 

 
Table I Test cases for verification 

Case Z0 [Ω] R0 [Ω] Rs [Ω] 

1 100 200 100 

2 100 100 100 

3 100 50 100 

4 100 10 100 

5 100 50 200 

6 100 50 50 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4 Comparison of voltage waveforms by the proposed 
formula with exact solution 

 
It is clear from Fig. 4 that the proposed formula has a 

sufficient accuracy except for case 4. More than third-order 
B component might be needed to get higher accuracy. 

Let us investigate an influence of the surge impedance 
and the grounding resistance of the grounding conductor on 
accuracy of the proposed formula. Fig. 5 shows an error, 
which is estimated at x=l, as a function of Zo/Ro and Ro. 

As shown in Fig. 5(a), the proposed formula has high 
accuracy for Zo/Ro<1. The error increases as Zo/Ro becomes 
larger, and is not dependent on the conductor length. Fig. 
5(b) shows that the error is large for low steady-state 
grounding resistance. θx(1+ θx) can be approximated for 
2θx<<1 as follows: 
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Consequently Vb” almost equals 0 in case of 2θx<<1. Thus, 
high-order B components are negligible for small 2θx, and 
eqs. (9) and (14) are well approximated. 2θl is rewritten as: 

0

0
02

R

Z
GlZl ==θ                         (21). 
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(a) Zo/Ro (Zo=100Ω, v=100m/µs, Rs=Zo) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) Ro (v=100m/µs, l=100m, Rs=Zo) 
Fig.5 Accuracy of the proposed formula 

 
Accordingly, the proposed formula has sufficient accuracy 
for Zo/Ro<1, and the error becomes larger for large Zo/Ro. 
Higher-order B components in order to make error small 
are necessary as Zo/Ro is larger. 

V. DISCUSSIONS 

A. Surge Characteristic using Conductor Constants by 
Sunde’s Formulas 

Sunde derived formulas of constants of a horizontal long 
grounding conductor. 

Inductance     L: WL
π

µ
2

0=  

Capacitance  C: 1
02 −= WC rεπε  

Conductance G: 1−= WG
ρ
π

                (22) 

where 1
2

2
ln −=

rd

l
W , ρ: soil resitivity, εr: soil relative 

permittivity, d: burial depth, r: conductor radius. The surge 
impedanceZ0 and the velocity v of the loss-less line of the 
equivalent circuit shown in Fig. 1 are given by: 
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where vo: speed of light in free space. Substituting the 
Sunde’s formulas into θ, 
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is obtained. Eq. (25) indicates that wave deformation of the 
sending-end voltage is independent of the configuration 
and dimension of the grounding conductor. On the other 
hand, the surge impedance depends on them. 

Fig. 6 shows sending-end voltage waveforms on a 
grounding conductor with r=5mm and d=1m for various 
conductor lengths. A single grounding conductor is usually 
open-circuited at the receiving end. Voltage reflected at the 
receiving end is observed at the sending end for t>2T, 
where T is traveling time of the grounding conductor. Fig. 
6 considers only the reflection voltage with zero-order B 
component for simplicity. The sending end voltage for 
t>2T is given by the reflection voltage plus Vb’, Vb” and Va 
at t=2T. The reflection voltage Vr’ is given by: 

n
rr AEQV 2'=                           (26) 

where Qr: reflection coefficient at the receiving end. Vr’ as 
a limit is expressed by: 

l
rr

x
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(a) Rs=Z0 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) Rs=100Ω 
Fig.6 Voltage waveforms at sending end for various conductor 
lengths (ρ=1000Ωm, the proposed formula: solid line, exact 
solution: broken line) 
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Line constants of an overhead conductor are independent 
of the conductor length, and propagation characteristics on 
the conductor for various lengths are same until an influ-
ence of the receiving end appears. The grounding conduc-
tor must satisfy the characteristic. Experimental results on a 
horizontal grounding conductor verifies this characteristic 
[11]. Fig. 6(a) shows this characteristic, but the voltage in 
Fig. 6(b) is dependent on the conductor length. The surge 
impedance of the grounding conductor using the Sunde’s 
formula is denoted as a function of the conductor length. 
Considering that the original sending-end voltage is de-
pendent on the surge impedance, the sending-end voltage is 
affected by the conductor length due to the Sunde’s for-
mula. As previously mentioned, the wave deformation of 
the grounding conductor is independent of the conductor 
constants. The constants of the Sunde’s formula should be 
chosen carefully. 

B. Effective Length 

“Effective length” is defined as the length, above which 
no further reduction of impedance of a grounding conduc-
tor is observed [12], and is estimated in frequency and time 
domains [12-14]. The faster the injected current reaches the 
peak value, the shorter the effective length becomes. The 
impulse impedance of the conductor in time domain will be 
very close to the value of impedance in frequency domain, 
at a particular frequency of sinusoidal wave. This paper 
estimates the effective length in frequency domain. Voltage 
reflected at the receiving end can not be clearly observed 
for conductor of 100m in Fig. 6. This fact indicates that an 
observer can not recognize the receiving end for grounding 
conductor having a certain length. This paper discusses this 
“characteristic length”. When Vr’ is much less than Vb at 
x=l, namely (Vr’/Vb)x=l<δ, where δ is a small value, the re-
ceiving end is not observed. Considering δ is very small, 
the relation can be written as follows: 







≅ δ

θ 8
5

ln
2
1

chl                         (28). 

Table II shows the effective length and the characteristic 
length of a grounding conductor with r=7mm and d=0.5m 
buried in soil with parameters of ρ and εr. δ of 1% is se-
lected. Table II includes fundamental resonance frequency 
of an open-end line fc=1/(4T) [15]. 

From Table II, the characteristic length is roughly equal 
to the effective length in the fundamental resonance fre-
quency. 

VI. CONCLUSIONS 

This paper has described a formula of voltage on a long 
grounding conductor. The formula is denoted in time do-
main, and is very simple. Calculated results by the formula 
agree satisfactorily with exact solutions for small Zo/Ro. 
The proposed formula makes clear that surge characteris-
tics using Sunde’s formula is affected by the conductor 
length because the surge impedance using the Sunde’s for-
mula depends on the length. 
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APPENDICES 

A. Accuracy of the Equivalent Circuit 

A general equivalent circuit of distributed-parameter line 
is represented by series impedance and shunt admittance. 
The circuit illustrated in Fig. 1 is constructed by dividing a 
grounding conductor into elementary segments each of 
which is represented by a modified π-circuit. In the modi-
fied π-circuit, inductance and capacitance elements are 
considered as a distributed-parameter line in the middle of 
each segment while the resistance and conductance are 
considered lumped. The numerical error introduced by this 
technique is only due to the fact that R and G parameters 
are considered lumped. This is opposed to the distributed 
nature of R and G. 

Fig. 1 with series resistance can be transformed to Fig. 
A1 [13]. The valuables are denoted as follows: 
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where dd CLZ /0 = , ddCLjωγ =0 . 

 

 
 
 
 
 

Fig. A1 A transformed equivalent circuit 
 
The current source connected to the end point of the con-
ductor in Fig. A1 “sees” the impedance of the conductor’s 
n-π circuit ladder network as: 
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where α1= -(Zs
*- Ze

*)/2,  α2= -(Zs
*+ Ze

*)/2,  b=Zs
*+2Zp

*, 
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As n tends to infinity, the limit of the impedance Z can be 
evaluated: 
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The limit of Z is obtained using the same manner in Ref. 
[12]: 
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where  )/()( ddddc CjGLjRZ ωω ++= , 

))(( ddddc CjGLjR ωωγ ++= . 

Eq. (A6) derived from Fig. 1 with series resistance coin-
cides with exact input impedance of an open-ended 
transmission line considering the series resistance and the 
shunt conductance. Thus, Fig. 1 is an equivalent circuit of 
exact long grounding conductor. 

B. Derivation of eqs. (7) and (8) 

(i) Eq. (7) 
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(ii) Eq. (8) 
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