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Abstract—This paper proposes synchrophasors measuring 

method for power systems. At first, a new frequency measuring 

method by using spiral vector is introduced. Then the phasor is 

defined in the upper half-plane and measured by using least 

square method. Then time and space synchrophasors are defined 

and measured by using the uncertainty principles of 

synchrophasors. The numerical simulation result shows that the 

proposed method is practical. At last, the paper analyzes 

accuracy, step test and harmonic distortion influence of the 

proposed method. 
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I.  INTRODUCTION 

PMUs (phasor measurement units) are becoming more and 

more important for power systems today. Because 

conventional methods measure synchrophasors first and use an 

analog reference wave, they demand to the discrete Fourier 

transform (DFT) or positive sequence component transform to 

estimate synchrophasors [1]. On the other hand, spiral vector 

theory is a new AC circuits and machines theory and its state 

variables are expressed as spiral vectors that rotating 

counterclockwise in the complex plane [2]. We have 

developed a new frequency measuring method by using spiral 

vectors [5]. We also have developed a new synchrophasors 

measuring method by using an inverse cosine function. In this 

paper, we improve and expand definitions for time and space 

synchrophasors and introduce the uncertainty principles of 

synchrophasors. The new method uses single-phase data and it 

only demands a coordinated universal time (GPS) for 

measuring space synchrophasor. The difference between the 

proposed method and conventional methods are the former 

demands neither DFT transformation nor an analog reference 

wave and the latter need both of them. 

The following parts of the paper is organized as follows: 

section II introduces frequency measuring method, section III 

introduces the phasor measuring method by using least square 

method, section IV proposes time and space synchrophasors 

measuring method by using the uncertainty principles, section 

V analyzes accuracy, step test and harmonic distortion 

influence of the new method, and section VI is the conclusion. 
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II.  MEASURING FREQUENCY BY USING SPIRAL VECTORS 

This section introduces a new frequency measuring method 

for power systems [5]. 

A.  The novel idea of frequency measurement 

According to the novel idea shown in Fig. 1, the frequency 

can be calculated as follows 
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where f0 is the one of two nominal frequencies 50Hz or 60 Hz 

exist in power systems. The rotation phase angle ψ(t) can be 

calculated as follows 
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where T0 is one period time of the nominal frequency as 

follows 
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According to (1), if the rotation phase angle ψ(t) is 2π, 

actual frequency equals to the nominal power system 

frequency. This novel idea changes the problem of frequency 

measurement from how to find a zero crossing point of a sine 

wave to calculate the rotation phase angle in the complex 

plane. Because the new method is an integral calculation 

method and the conventional method is a differential 

calculation method, it is understood that the former is stable 

and the latter is unstable generally.  
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Fig. 1. A voltage spiral vector in the complex plane 
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Fig. 2. A voltage spiral vector is rotating in one pitch period in the complex 

plane. 

 

B.  Measuring amplitude and chord length of a spiral 

vector voltage with common integral equations 

The voltage of single-phase in power systems can be 

expressed as 
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where the first term is the fundamental frequency component 

and the second term is harmonics distortions. All terms are 

spiral vectors. The voltage instantaneous values are the real 

part of the spiral vectors as 
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We will use the fundamental frequency component when 

introducing new method. The second term of right side of (5) 

has little influence to the measured results because the 

proposed method using integration processing can negate 

harmonics component. The details is explained in section V.  

A voltage spiral vector rotating in one pitch period in the 

complex plane is shown in Fig.2. The amplitude of the spiral 

vector that is the length of OA in Fig.2 can be mathematically 

determined as 
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where T0 is one period time as expressed in (3). If assuming   

sampling frequency is 

04 fNfS =  (7) 

where N is a positive integer, we can obtain T that is one pitch 

period as 
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TABLE I 

PARAMETERS USED FOR CASE1 SIMULATION 

Sampling Frequency Input Frequency  Amplitude 

600Hz   50HZ 45V 
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 Fig. 3. Voltage instantaneous real values, measured amplitude and chord 

length with proposed integral method (Case1). 

 

If the pitch of the calculation is set to T expressed as (8), the 

amplitude can be obtained as 
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The chord length of the spiral vector voltage that is the 

length of AB in Fig.2 can be mathematically determined as 
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Same as (9), the chord length can be calculated as follows 
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Here a numerical simulation Case1 is executed. The 

parameters of Table I is used and the simulation result is 

shown in Fig.3. The chord length can be calculated 

theoretically by the following equation from the Pythagorean 

theorem. (In this case, the rotation phase angle is π/6 radian 

with respect to one sampling timing rotation phase angle). 
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The result of above (12) and input amplitude completely 

agrees with Fig.3 respectively and it is understood that 

proposed integral method is correct. We call (9) and (11) as 

common integral equations. But if input frequency shifts from 

the nominal frequency, the measured amplitude and chord 

length will be vibrated and the solution is not stable. With the 

help of mathematical theory, we overcome this difficult. The 

detailed equations will be shown next. 

 

C.  Measuring amplitude and chord length of a spiral 

vector voltage with difference integral equations 

We propose a novel equation to calculate amplitude of a 

spiral vector as follows 
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The above equation can negate vibration of amplitude by 

using the difference in spiral vectors in one period time. We 

call it as difference integral equation. 



 

TABLE II 

PARAMETERS USED FOR CASE2 SIMULATION 

Sampling Frequency Input Frequency  Amplitude 

600Hz   45HZ 45V 

 

Assuming the nominal frequency is 50Hz and the sampling 

frequency is 600Hz, (13) becomes 
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The amplitude measured simulation with parameters that are 

listed in Table II is executed and the result is shown in Fig.4. It 

is illustrated that the measured amplitude of common integral 

equation is greatly vibrated, but the result of difference 

integral equation is stable. 

In the same way, we propose difference integral equation to 

calculate the chord length of a spiral vector as follows 
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Assuming the nominal frequency is 50Hz and the sampling 

frequency is 600Hz, (15) becomes 
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The chord length measured simulation with parameters of 

Table II is executed and the result is shown in Fig. 5. It is 

illustrated that the measured chord length of common integral 

equation is greatly vibrated, but the result of difference 

integral equation is stable. 

Accordingly, difference integral equations negate vibration 

arising from actual frequency shifts the nominal frequency. 

D.  Measuring the rotation phase angle and frequency 

by using the Pythagorean theorem 

Refer to Fig.2, if assuming that two amplitudes equal to 

each other, the following equation is realized for this isosceles 

triangle 
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where the rotation phase angle 2α is the central angle at one 

sampling pitch from a certain timing to the next timing. 

According to the Pythagorean theorem, the half central angle 

can be calculated as follows 
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where V(t) is the measured amplitude and V2(t) is the measured 

chord length. So the rotation phase angle in one period time 

can be obtained as 
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Substituting (19) into (1), actual frequency can be obtain as 
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 Fig. 4. Measured amplitudes with common integral method and difference 

integral method (Case2). 
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 Fig. 5. Measured chord lengths with common integral method and difference 

integral method (Case2). 
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 Fig. 6. Gain characteristics curve with the proposed method (Case3). 
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 Fig. 7. Measured half central angle at a time step curve with the proposed 

method (Case3). 

 

 

TABLE III 

PARAMETERS USED FOR CASE3 SIMULATION 

Sampling Frequency Input Frequency  Amplitude 

600Hz   5-600HZ 45V 

 



 

The Case3 simulation with parameters of Table III is 

executed and the results are shown in Fig.6-8. Figure 6 shows 

gain characteristics between ratio of precision and input 

frequency with the proposed integral method. It shows that 

there are several singular points (100/200/300/400/500Hz) 

because the measured amplitude and chord length both 

become zero at these points that are shown in Fig. 8. 

Figure 7 shows the half central angle of a time step with the 

proposed integral method. 

Figure 8 shows the measured amplitude and chord length of 

the spiral vector voltage. The following remarks should be 

made. The measured amplitude and chord length are different 

with real amplitude and chord length of input wave.  

Figure 9 shows comparison of the common integral method 

and the difference integral method with parameters of Table II, 

it is illustrated that the former is greatly vibrated and the latter 

is stable. 

 The above results agree with famous Nyquist–Shannon 

sampling theorem that the upper bound for frequency 

measurement is the half of the sampling frequency. 

III.  MEASURING THE PHASOR BY USING LEAST SQUARE 

METHOD 

This section defines the phasor and measures it with least 

square method [6]. 

A.  Defining the phasor in the upper half-plane 

We define the phasor as an inverse cosine function as in [6]. 
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where v(t) is the instantaneous real value of the spiral vector 

voltage and V(t) is the amplitude of the spiral vector voltage 

shown in Fig.10.  

Here simulation by using parameters of Case1 is executed 

for the phasor measurement. The simulation result is shown in 

Fig. 11. According to the new definition, the phasor changes 

between 0 ~ π in the upper half-plane, and always possesses a 

positive value. 

If actual frequency shifts the nominal frequency, the result 

of (21) will also shift the real phasor that is on the actual 

frequency. We introduce least square method to obtain the real 

phasor with the measured frequency next. 

B.  Measuring the phasor with least square method 

The instantaneous real value of the spiral vector voltage 

expressed in (5) can transform to (only fundamental frequency 

component is used) 

tPtPtVtv ωωϕω sincos)cos()( 21 +=+=  (22) 

where P1 and P2 are arbitrary constants and can obtained by 

using least square method as follows 
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The arbitrary coefficient matrix is 

[ ] 







=

2

1

P

P
P  (24) 

 

Frequency(Hz) 

M
ea

su
re

d
 v

al
u

es
(V

) 

0

1 0

2 0

3 0

4 0

5 0

6 0

7 0

8 0

9 0

1 0 0

0 1 0 0 2 0 0 3 0 0 4 0 0 5 0 0 6 0 0

Chord length 

Amplitude 

 Fig. 8. Measured amplitude and chord length curves with the proposed 

method (Case3). 
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 Fig. 9. Measured gain characteristics curves with common integral and 

difference integral method (Case2). 
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Fig. 10. Defining the phaor in the complex plane. 
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 Fig. 11. Measured phasor with the proposed method (Case1). 
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 Fig. 12. Measured phasor with the proposed method (Case2). 

 



 

The voltage instantaneous real value matrix is 
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The trigonometric matrix is 
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where the radian frequency ω1 is 

11 2 fπω =  (27) 

where f1 is the measured frequency. 

The series of time data is expressed as follows 
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where T is one pitch period expressed in (8). 

The voltage estimated instantaneous real value is obtained 

as follows 
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The voltage estimated amplitude is obtained as follows 

∑
−

=

−=

14

0

1
2 )}({

2

1
)(

N

k

estest tkTtv
N

tV  (30) 

where the pitch period T1(t) should calculate from the 

measured frequency as follows 
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We obtain the real phasor as follows 
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A numerical simulation using parameters of Table II is 

shown in Fig.12.  

C.  Defining the mode of phasor rotation 

For measuring synchrophasors, we define the mode of 

phasor rotation as follows 
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Three modes of above (33) will be explained as follows. 

Mode1: The rotation phase angle of the phasor is becoming 

larger and larger as shown in Fig. 13, it is defined as the 

forward mode and its value is equal to 1. 

Mode2: The rotation phase angle of the phasor is becoming 

smaller and smaller as shown in Fig. 14, it is defined as the 

backward mode and its value is equal to -1. 

Mode3: If the phasor is neither a forward phasor nor a 

backward phasor, it is defined as the inversion mode and its 

value is 0. One inversion phasor is shown in Fig.15. 
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Fig. 13. A phasor is rotating in a forward mode. 
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Fig. 14. A phasor is rotating in a backward mode. 
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Fig. 15. A phasor is rotating in an inversion mode. 

 

IV.  MEASURING SYNCHROPHASORS 

In this section, we propose measuring method for space and 

time synchrophasors. 

A.  Measuring space synchrophasor 

The model system for measuring space synchrophasors is 

shown in Fig. 16 next page. We define space synchrophasor as 

space interval of two phasors that are node1 and node2 as 

follows (α1(t) is preceding α2(t)) 
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where α1(t) is the phasor of node1, α2(t) is the phasor of node2, 

α1m is the mode of node1 and α2m is the mode of node2 

respectively. It can be found that same as the phasor, space 

synchrophasor changes between 0 ~ π in the upper half-plane, 

and always possesses a positive value. 

Because space synchrophasor measures two different place 

phasor, it demands universal precise time reference (GPS) to 

synchronize two phasors. 

Five rows of above (34) will be explained as follows. 



 

Row1: The phasor of node1 and the phasor of node2 both 

are in forward mode, space synchrophasor is in a forward-

forward mode. One example of this mode is shown in Fig.17. 

Row2: The phasor of node1 and the phasor of node2 both 

are in backward mode, space synchrophasor is in a backward-

backward mode. One example of this mode is shown in Fig.18. 

Row3: The phasor of node1 is in a forward mode and the 

phasor of node2 is in a backward mode, space synchrophasor 

is in a forward-backward mode. One example of this mode is 

shown in Fig.19. 

Row4: The phasor of node1 is in a backward mode and the 

phasor of node2 is in a forward mode, space synchrophasor is 

in a backward -forward mode. One example of this mode is 

shown in Fig.20. 

Row5: The phasor of node1 is in an inversion mode or the 

phasor of node2 is in an inversion, space synchrophasor is in a 

latch mode. One example of this mode is shown in Fig.21. We 

call it as the uncertainty principle of space synchrophasors 

because of this mode exists. 

 
 Node 1 Node 2 

Fig. 16. The model system used for measuring space synchrophasor. 
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 Fig.18. A space synchrophasor is changing in a backward-backward mode. 
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Fig. 19. A space synchrophasor is changing in a forward-backward mode. 
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Fig. 20. A space synchrophasor is changing in a backward-forward mode. 
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B.  Measuring time synchrophasor 

We define time synchrophasor as time interval of two 

phasors as follows (α1(t) is preceding α2(t)) 
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where α1(t) is the phasor of now and α2(t) is the phasor of one 

or several period time ago as follows 

)()( 012 nTtt −= αα  (36) 

where n is a positive integer and T0 is one period time of the 

nominal frequency. Same as space synchrophasor, five modes 

of time synchrophasor can be referred in Fig. 17-21 and it also 

possesses a positive value in the upper half-plane. 

C.  Outlining synchrophasors measuring method 

The procedure for measuring synchrophasors is shown in 

Fig. 22. Step6/7 is for measuring space synchrophasor that 

demands a GPS system and communication system devices. 
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Fig.  22.  The procedure for measuring synchrophasors. 



 

D.  Numerical Simulation Examples 

Here we will execute several numerical examples to show 

the effective of the proposed method. The nominal frequency 

is 50Hz and the sampling frequency of these cases is 600Hz. 

Figure 23 shows the measured phasor and time 

synchrophasor simulation with parameters of Table II. 

Because the time interval is set to two period times, time 

synchrophasor can be theoretically calculated as 
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The above result agrees with the simulation result shown in 

Fig. 23 and it is illustrated that for a purely sine wave that has 

a constant shifted frequency, its time synchrophasor is also a 

constant angle. The range of time synchrophasors is 0 ~ π, so 

time synchrophasors are symmetrical about the time axis its 

value is zero correspondence to the nominal frequency f0. For 

example, time synchrophasor of the 55Hz frequency will agree 

with time synchrophasor of Fig.23 though their phasors are 

different. 

Figure 24 shows the measured phasors and space 

synchrophasor simulation with parameters of Table IV. It is 

illustrated that space synchrophasor keeps an initial value 

when both frequencies equal each. This also illustrated that 

space synchrophasor could be obtained directly from two 

phasors with coordinated universal time (GPS) and no 

demands an analog reference wave that has nominal frequency.  

Figure 25 shows the measured phasors and space 

synchrophasor simulation with parameters of Table V. It is 

illustrated that space synchrophasor changes when two 

frequencies are different. We can calculate the estimated time 

to the point of two nodes have same rotation phase angle as 

follows 
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Figure 26 shows the measured phasors and space 

synchrophasor simulation with parameters of Table VI. It is 

illustrated that space synchrophasor changes between 0 ~ π 

and always possesses a positive value, though it has increasing 

mode and decreasing mode. The elapsed time of a phase angle 

π can be calculated as follows 
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TABLE IV 

PARAMETERS USED FOR CASE4 SIMULATION 

Input Frequency Initial angle 

Node1 Node2 Node1 Node2 

Amplitude 

50HZ 50HZ 0DEG -80DEG 45V 

 

TABLE V 

PARAMETERS USED FOR CASE5 SIMULATION 

Input Frequency Initial angle 

Node1 Node2 Node1 Node2 

Amplitude 

51HZ 49HZ 0DEG 80DEG 45V 

TABLE VI 

PARAMETERS USED FOR CASE6 SIMULATION 

Input Frequency Initial angle 

Node1 Node2 Node2 Node2 

Amplitude 

53HZ 50HZ 0DEG 80DEG 45V 
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 Fig. 23. Measured phasor and time synchrophasor with the proposed method 

(Case2). 
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 Fig. 24. Measured phasors and space synchrophasor with the proposed 

method (Case4). 
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 Fig.25. Measured phasors and space synchrophasor with the proposed 

method (Case5). 
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 Fig. 26. Measured space synchrophasor with the proposed method (Case6). 



 

V.  ANALYSIS OF ACCURACY, STEP TEST AND HARMONIC 

DISTORTIONS INFLUENCE OF THE PROPOSED METHOD 

This section analyzes accuracy, step test and harmonic 

distortion influence of the proposed method with IEEE 

Standard C27.118-2005 [4] instead of comparing to 

conventional methods. 

A.  Accuracy and the TVE index 

According to [4], the TVE (total vector error) index is 

defined as follows. 

22
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where Xr(n) and Xi(n) are the measured values, given by the 

measuring device, and Xr and Xi are the theoretical values of 

the input signal at the instant of time of measurement, 

determined from following (41) and the known conditions of 

Xm, ω, and φ. 
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According to the proposed method, it is understood that the 

following equation is realized. (Refer to (22)-(28)). 
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where vest(t) is the estimated data with the least square method 

using the measured frequency f1 and vest(t-1/(4f1)) is the 

imaginary part of the voltage vector. Substituting (42) into 

(40), we obtain the error index as follows. 

0=TVE  (43) 

Because of the above (43), we suggest that using time 

synchrophasor as the error index for synchrophasors. 

B.  Magnitude step test 

According to [4], a magnitude step test (10%) defined as 

follows. 
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 The magnitude step test with parameters of Table VII and the 

simulation results are illustrated in Fig. 27-28. Figure 27 

shows that the measured amplitude and chord length could 

follow the changing of the objective system quickly. Figure 28 

shows that the transient influence is small and disappear fast in 

magnitude step test. 

C.  Phase step test 

According to [4], a phase step test (90°) defined as follows. 
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TABLE VII 

PARAMETERS USED FOR MAGNITUDE STEP TEST (10%) 

Input Frequency t0 Vm1 Vm2 

50Hz 0.06s 1.414V 1.273 V 
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 Fig. 27. Voltage instantaneous real values, measured amplitude and chord 

length in the magnitude step test (10%). 
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 Fig. 28. Time synchrophasor in the magnitude step test (10%). 

 

TABLE VIII 

PARAMETERS USED FOR PHASE STEP TEST (90°) 

Input Frequency t0 dφ Vm(V) 

50Hz 0.06s 90° 1.414V 
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 Fig. 29. Voltage instantaneous real values, measured amplitude and chord 

length in the phase step test (90°). 
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 Fig. 30. Time synchrophasor in the phase step test (90°). 



 

The phase step test with parameters of Table VIII and the 

simulation results are illustrated in Fig. 29-30. Figure 29 

shows that the voltage flicker (phase shifting) influence only 

short time. Figure 30 shows that in the transient state, one 90° 

step is detected by the time synchrophasor and it disappears 

fast in phase step test. 

D.  Frequency step test 

According to (4), a frequency step test (+5Hz) defined as 

follows. 
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The magnitude step test with parameters of Table IX and the 

simulation results are illustrated in Fig. 31-33. Similar with 

figure 31, figure 33 shows that the measured frequency could 

follow the changing of the objective system quickly. Figure 32 

shows that the time synchrophasor has a constant value even in 

a shifted frequency (55Hz). 

 From above results, it could find that the range of 

synchrophasors are 0 ~ π with the proposed method that is 

different from conventional methods theirs range are -π~ π. 
 

TABLE IX 

PARAMETERS USED FOR FREQUENCY STEP TEST (+5HZ) 

Input Frequency t0 df Vm(V) 

50Hz 0.06s 5Hz 1.414V 

 

E.  Reduction of harmonic distortions influence 

Because harmonic distortions affect the precision of the 

frequency and the synchrophasors measurement, we introduce 

moving average processes to reduce its influence. The average 

amplitude could be obtained by using result of (13) as follows. 
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where N is an integer number of sampling points. The average 

chord length could be obtained by using result of (15) as 

follows. 
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In (18), we use average amplitude and chord length instead 

of instantaneous values respectively. 

At last, the average frequency could be obtained by using 

result of (20) as follows. 
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 A harmonic distortions simulation with parameters of 

Table X is executed and the result is illustrated in Fig. 34. The 

length of moving average time is set to two period times. 

Figure 34 shows the error of measured frequency is less than 

0.5% even in a state there are big harmonic distortions 

(Random 10%V1).  

 

TABLE X 

PARAMETERS USED FOR CASE7 SIMULATION 

Input Frequency Amplitude, V1 Distortion 

50HZ 45V Random, ±10%V1 
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 Fig. 31. Voltage instantaneous real values, measured amplitude and chord 

length in the frequency step test (+5Hz). 
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 Fig. 32. Time synchrophasor in the frequency step test (+5Hz). 
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 Fig. 33. Measured frequency in the frequency step test (+5Hz). 
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 Fig. 34. Voltage instantaneous real values, measured amplitude and chord 

length in Case 7. (A harmonic distortions example) 



 

VI.  CONCLUSIONS 

The paper considered that for measuring synchrophasors, 

the actual frequency should be measured first. After introduced 

a novel frequency measuring method with difference integral 

equations its solution agrees with Nyquist–Shannon sampling 

theorem, the phasor is defined in the upper half-plane and 

measured with least square method. Then, space 

synchrophasor is defined as phasor difference between a space 

interval (two nodes). Furthermore, time synchrophasors is 

defined as phasor difference between of a time interval (one or 

several period times). These two type synchrophasors are 

measured with the proposed method and sometimes 

synchrophasors can’t be determined uniquely so we introduced 

the uncertainty principles into measurement. The proposed 

method can deal with issues arising from actual frequency that 

shifts the nominal frequency. The phasor, time synchrophasor 

and space synchrophasor are changing from 0 ~ π in the upper 

half plane that always have positive values. The paper 

illustrated that the proposed method is practical with numerical 

simulation examples. At last, the paper analyzed accuracy, step 

test and harmonic distortions influence of the proposed method. 

The paper proposed a digital thinking synchrophasors 

measuring method and it could be improved more and more. It 

is believed that the proposed method will replace these 

methods that based upon analog thinking in future. 
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