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 Abstract— Average-Value Models (AVMs) are becoming 

increasingly important in system-level studies of modern energy 

grid systems wherein many power–electronic-based components 

are found. In this paper, a new and improved analytical AVM of 

the synchronous machine/rectifier system is developed. As 

opposed to previously developed models, the proposed approach 

does not contain algebraic loops and is therefore numerically 

more efficient. The approach encompasses a recently proposed 

voltage-Behind-Reactance (VBR) machine model with constant 

parameters, which allows direct and efficient interfacing between 

the machine and rectifier sub-models. The proposed AVM has 

been implemented in MATLAB/Simulink, and is verified against 

the original detailed switching system. 
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I.  INTRODUCTION 

Since the need for system-level modeling and analysis tools is 

rapidly increasing, the average-value modeling approach [1]-

[14] has been recognized as a powerful tool for studying and 

analyzing complicated power-electronic-based systems. 

Average-value models (AVMs) predict the steady-state and 

transient behavior of the original system for dynamics slower 

than the switching frequency. Because the effect of fast 

switching is averaged or neglected within a prototypical 

switching interval, the AVMs are computationally efficient and 

potentially can execute orders of magnitude faster than the 

corresponding detailed switching models. In addition, the 

AVMs are continuous and can therefore be linearized about 

any operating point for small-signal frequency-domain 

characterization.   

The first analytical derivation of an AVM for a synchro-
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nous machine/line-commutated converter system was 

published in the late 1960s [1], and improved models have 

been developed ever since [2]-[8]. The most complete 

analytical AVM that is accurate in both time- and frequency-

domains has been introduced in [7]. However, formulation [7] 

is implicit, which results in an algebraic loop when 

implementing the corresponding state-space model. Numerical 

iterations are thus required at each time step of the solution in 

order to solve the algebraic loop.  

In this paper, an improved analytical AVM of the syn-

chronous machine/rectifier system is proposed. The developed 

AVM is explicit (i.e. has no algebraic loops); hence, it is 

potentially significantly more efficient as no additional 

iterations are required. In this approach, the synchronous 

machine is modeled using a constant-parameter voltage-

behind-reactance (VBR) formulation [15], [16], and the 

rectifier is modeled based on the analytical approach presented 

in [17]. In the proposed AVM formulation, the machine and 

rectifier sub-models are directly interfaced with constant 

parameters.  

 

 
Fig. 1.  Synchronous machine/rectifier system. 

II.  VOLTAGE-BEHIND-REACTANCE (VBR) MACHINE MODEL 

The proposed AVM contains a VBR synchronous machine 

model with constant parameters [15], which allows direct and 

constant interfacing between the machine and rectifier sub-

models. In the method presented in [15] and [16], an artificial 

damper winding is added to the rotor circuit of the VBR 

model. This new winding eliminates dynamic saliency by 

equating the subtransient inductances mqL   and mdL  , which in 

turn yields a constant-parameter equivalent stator circuit. This 



added winding should have a large enough resistance to avoid 

any impact on the low frequencies; however, it also shouldn’t 

be too large in order not to significantly increase the numerical 

stiffness of the state-space model. Since, the subtransient 

inductance in the d -axis is typically the smallest [15], the 

additional winding is added to the q -axis.  

Here, the rotor is considered to have M damper windings in 

the q -axis and N damper plus one field windings in the d -

axis. Including the extra winding ( 1M ) in the q -axis, the 

voltage equation for the interfacing stator circuit, represented 

in the abc  phase coordinates, is [15]  
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The dynamic equations of the rotor subsystem are modeled in 

qd  coordinates in the rotor reference frame [15]. The 

equivalent voltage source 
''
abce  is therefore computed by 

applying Park’s inverse transformation [17] to the resulting 

qd  subtransient voltages: 























1

1
2

)(

M

j

kqjmq

lkqj

kqjmq
drq

L

rL
e  , (5) 

)(

)(

2

1
2

fdmd

lfd

fdmd
fd

lfd

md

N

j

kdjmd

lkdj

kdjmd

qrd

L

rL
v

L

L

L

rL

e




































. (6) 

where 
1

1

1

11


















 

M

j lkqjmq
mq

LL
L , (7) 

1

1

111
















 

N

j lkdjlfdmq
md

LLL
L , (8) 














 





1

1

M

j lkqj

kqj
mqq

L
L


 , (9) 















 


N

j lkdj

kdj

lfd

fd
mdd

LL
L

1


 , (10) 

and the magnetizing fluxes are  

qqsmqmq iL   , (11) 

ddsmdmd iL   . (12) 

The machine’s q - and d -axes rotor dynamics are given by 

the following ordinary differential equations:  
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III.   ANALYTICAL AVERAGE-VALUE MODELING 

The analytical approach relates the dc and ac side variables 

(transferred to a proper qd  rotating reference frame) through 

analytically derived equations for each rectifier mode of 

operation [17]. For simplicity, the ac variables are transferred 

to the converter rotating reference frame wherein the averaged 

d –axis component of the ac input voltage is equal to zero 

[17]. The ac side of the analytical AVM presented in [17] 

consists of a three-phase voltage source in series with constant 

inductances, which is identical to the interfacing circuit of the 

VBR machine model (see terms ''
abce  and DL  in [15]).  

The phase current waveforms for the typical rectifier 

operating mode is shown in Fig. 2, which also depicts the 

conduction and commutation subintervals with respect to the 

switching interval swT . In Fig. 2, a 30-degree firing angle is 

assumed. The analytical expressions are extracted for both the 

conduction and commutation subintervals. The dynamic 

averaging is defined with respect to the prototypical switching 

interval swT  as 

 




t

Ttsw
sw

dttf
T

f
1

. (15) 

where f  denotes of either the dynamic average voltage or 

current. 

For the first rectifier mode of operation [11], the dc link 

current dci  state equation is defined as 
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The average of ac phase currents in q- and d- axes are 

calculated for both subintervals as  
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In the above equations,   denotes the thyristor firing delay 

angle. The commutation angle is calculated as 
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However, by neglecting the dynamic effect of ac and dc side 

inductors, the dc and ac side variables of a six-pulse thyristor 

converter are related by [18] 
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The fundamental component of the ac current can be 

calculated as 
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In the Analytical AVM introduced in [17], the ac side 

resistance Dr  and the steady state voltage drop through the ac 

side inductance DL   are neglected, which causes inaccuracy 

when the ac side is weak (low short circuit ratio). Therefore, it 

is necessary to add the steady-state voltage drop through DL   

and Dr  to the AVM using 
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Fig. 2. Typical ac phase current waveform depicting commutation and 

conduction sub-intervals.  

IV.  MODEL IMPLEMENTATION 

The block diagram depicting the implementation of the 

machine/rectifier system AVM is shown in Fig. 3. Direct 

connection of the machine VBR model to the rectifier AVM 

that includes the steady-state voltage drop compensation in the 

ac circuit, introduces multiple algebraic loops, which makes 

the model implicit and therefore numerical iteration would be 

required at each time-step. These algebraic loops are 

illustrated in Fig. 3 by dashed lines. As it is clear from Fig. 3, 

the causes of algebraic loops can be summarized as follows: 

First, as it is shown  in Fig. 3, the input variables of the 

rectifier cell are transferred to the converter reference frame 

for the ease of calculation and vice versa. Then, all the output 

variables are transferred back to the rotor reference frame. 

This transformation from rotor to the rectifier reference frame 

and back is based on the rectifier power angle   which is 

algebraically calculated based on the input voltages. Second, 

since the commutation angle   is calculated algebraically 

based on the input rectifier voltages, and also used to calculate 

the rectifier output currents, an algebraic loop is introduced 

between the inputs and outputs of the rectifier AVM. The 

introduced algebraic loop causes the numerical iteration and in 

some cases, MATLAB solvers are unable to solve the 

simulation. Herein, the algebraic loop in the model is avoided 

by adding a low-pass filter with a small time constant to the 

output currents of the rectifier block as it is demonstrated in 

Fig. 3. This added low pass filter breaks the algebraic loops 

created due to connection of the machine VBR model to the 

analytical AVM.  

 

 
Fig. 3. Implementation of analytical average-value model for synchronous 

machine/rectifier system. 

 

V.  MODEL VERIFICATION 

The system shown in Fig. 1 is simulated considering the 

switching details using ASMG [20] in MATLAB/Simulink 

[19]. The AVM of the same system, based on the analytical 



approach (see Section III) and the machine VBR model (see 

Section II), is also implemented in MATLAB/Simulink using 

standard library components. For consistency with the 

previous publications, the system parameters are chosen from 

a documented configuration presented in [6] and are 

summarized in Appendix.  

The proposed AVM is first validated in steady state by 

comparing the detailed simulation and the analytical AVM of 

the machine/rectifier system presented in Fig. 1 for different 

firing angles. The output dc voltages resulting from the 

detailed simulation and AVM are presented in Fig. 4. The 

output dc voltage of the AVM matches very closely the output 

of the detailed simulation, which validates its accuracy. In 

order to assess the accuracy of the proposed AVM in 

following the transient response of the original switching 

system, a large-signal time-domain transient study is 

considered. In the following study, the system initially 

operates in steady state with a constant excitation voltage of 

19.5V and a purely resistive dc load of 21 . The initial value 

of the firing angle is set to 
30 . At 02.0t s, the resistive 

load is changed to 4.4 . The generator field current fdi , 

along with the dc voltage and current of the detailed simulation 

and AVM, are shown in Fig. 5. As it can be seen, the AVM 

follows the transient response of the detailed simulation almost 

perfectly.  

 

VI.  CONCLUSIONS 

In this paper, an analytical average-value model (AVM) of 

the synchronous/rectifier system is developed which is explicit 

and thus computationally more efficient than the previous 

implicit AVMs. Here, the voltage-behind-reactance (VBR) 

machine model with constant parameters is directly interfaced 

with the rectifier AVM. The validity of the new model is 

demonstrated in steady state and during transients by 

comparing it to the detailed simulation. In particular, the AVM 

is shown to yield very accurate steady-state dc voltages over 

the whole range of thyristor firing angles. The AVM is also 

shown to follow very closely the detailed simulation transients 

during a load step change. 

The accuracy of the proposed average-value model is 

established by comparing its performance to the detailed 

simulation for different loading conditions, and transients in 

extended range of operating conditions. 

 

 

 
Fig. 4. Steady state output dc voltage versus the thyristor firing angle.  

 

 

 
Fig. 5. Transient response to a step change in load. 

 

VII.  APPENDIX 

Synchronous machine parameters: US Electrical Motors, 

5 HP, 230Volt, 215T Frame, 1800 rpm, rated field current 

1.05A, custom-made for university lab. 

  

 

 

 

 

 

 



rad/s 602  b  4P  (four poles) 

  382.0sr    0.4222lsx  

  9.3871mqx    14.8158mdx  

  07.51kqr    1.31951lkqx  

  06.12kqr    1.31952lkqx  

  447.03kqr    9.87723lkqx  

  1401kdr    3.72091lkdx  

  19.12kdr    1.85102lkdx  

  58.13kdr    1.70023lkdx  

  112.0fdr    0.5768lfdx  

stator-to-field turns ratio 0269.0fds NN  

 

Dc link filter parameters: 

mH 19.1fL ;   32.0fr ;  F2.28fC . 
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