Simulation of Arc Models with the Block
Modelling Method
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Abstract- Simulation of current interruption is currently
performed with non-ideal switching devices for large power
systems. Nevertheless, for small networks, non-ideal switching
devices can be substituted by arc models. However, this
substitution has a negative impact on the computation time.
At the same time, these simulations are useful to design
switchgear. Although these simulations are for large power
systems cumbersome with traditional modelling methods, the
block modelling method can handle arc models for any size of
networks. The main advantage of applying the block
modelling method is that the computation of the analytical
Jacobian matrix is possible and cheap for any number of arc
models. The computation time is smaller with this approach
than with the traditional approach.
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. INTRODUCTION

SUALLY current interruption in power systems is

simulated by non-ideal switching devices, but these
models are too simple to include thermal re-ignition of
circuit breakers. Arc models have been developed and they
can be used instead of non-ideal switching devices. The
simulation with arc models in power systems for current
interruption is done under specific conditions, for a small
power system and with only a single arc model. The scope
of this paper is to show that the simulation of more arc
models in large power systems can be performed with the
help of the block modelling method.

In literature, several arc models are described[1]. In this
paper, we consider the two basic arc models, the Cassie
model[2] and the Mayr model[3]. The third arc model
studied in this paper is the Habedank model[4] which is a
combination of Cassie and Mayr model. Arc models are
non-linear and as a result, the Jacobian matrix of the
system must be computed. Furthermore, time constants of
arc models are relatively small and as a consequence, arc
models affect the stiffness and smaller time steps need to
be used.

Arc models are embedded in several computer programs
each using different modelling methods. The nodal
analysis method is mostly used for the simulation of large
power system which includes arc models[6] and requires
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small time steps. The modified nodal analysis is more
suitable as in X-trans[7]. Another approach is the cut set
method in MatLab/SimPowerSystem that has a library with
arc models[8]. However, these options are rather slow for
large power systems in particular when more than one arc
model is used.

The block modelling method[9], which gives the space
state representation, can be useful for the simulation of arc
models in power systems. Firstly, the change of
conductivity of the arc model is taken instead of using a
controlled current source like in [7], [8]. Secondly, it is
possible to compute the analytical Jacobian matrix without
noticeable effort and a similar approach can be used for
most of the arc models in literature [1].

The paper compares power systems of different size and
number of arc models. Sample circuits are used with three
types of arc models.

The paper is divided into four parts. The first part
presents the method to include an arc block model in the
space state representation of the block modelling method.
The second part describes the process how to compute the
analytic Jacobian matrix when arc models are used. The
third part presents the different networks with respect to
the computation time and in the fourth part, the
conclusions are given.

Il. BLOCK MODELLING METHOD WITH ARC MODELS

A. Arc models

Cassie and Mayr developed their equations based on the
thermal processes taking place inside an electrical arc.
Cassie model[2] and Mayr model[3] describe the different
parts of an electrical arc, the steady state voltage and the
current interruption by gradually changing the conductivity
of the arc model (g, for the Cassie model and g, for the
Mayr model). The change of conductivity described by
Cassie model is performed by the following differential

equation:
dge _ 9e (Vare W
dt 1.\ U?

while the Mayr equation is described by the following
equation:
dgm — g_m<uarciarc -1 ) (2)
dt Tm P,
where i,.. is the current through the arc, u,,. voltage
across the arc and, 7, and t,, are the time constant of the

Cassie and Mayr model. Furthermore, U, is the steady state



voltage and B, is the steady state power loss.

The series connection of the Cassie and Mayr model is
considered as the Habedank model[4]. As the result, the
resistivity of the electrical arc in this model is given by
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and i,,.. is defined as:
i u
lare = raTC = garcuarc (4)

arc
B. Mathematical expression

The block modelling method[9] gives the space state
representation:

x = f(x,t) = Ax + Be(t) (5)

By introducing arc models, the previous equation
becomes non-linear and (5) is redefined as:

x=f(xt)=Ax + Apon(x) + Bg(t) + v(x)

= (A4 A)x + Apon(x) + (B + B)g(t) (6)

+v(x)

where

e p; € N is the number of inductances;

e p, € Nisthe number of capacitances;

e p3 € N is the number of non-linear conductivities
due to arc models;

e p€eN is the number of differential variables
(p1 + 2 +p3);

e s € N isthe number of sources;

e x € RP is the state vector;

e ¢(t) € R’ is the time dependent input vector;

e A € RP*P s the state matrix;

e A € RP*P s the block state matrix;

e A € RP*P is the connection state matrix;

e B € RP*S js the input matrix;

e B € RP*S is the block input matrix;

e B € RP* s the connection input matrix;

o Auon(x) € RP*P is the non-linear state matrix;

e v(x) € RP is the non-linear vector.

For the block modelling method, it is necessary to
develop the matrix expression of matrices 4, and B, and
the vector source e; of each element of the considered
power system. As a consequence, the matrices Ag,. €
R =0, B,,. € R™ =0 and the vector e, € R =0
for each arc model of the power system and where [
represents the number of differential variables of the
particular arc model. In fact, from (6), only the matrix
A,.» and the vector v need to be updated at each time step
when arc models are present and actives.

The assumption is that arc models can only be placed
between two block models or between a terminal of a
block model and the ground. The delta or star connection
[9] between block models by the aim of arc models can be
realized. However, this requires more calculation time and
is more complex.

As for the block modelling method[9], mapping
functions are necessary. In fact, for updating the system of

equations, three mapping functions (I,,..(n, m), Cqr.(n, m)
and Arc(n, q)) are used. Firstly, let us consider a network
composed of NBarc arc models, each arc model is
composed of NBmax differential variables and is
connected to NBm block models. The first mapping
function (I,..(n,m)) links the arc model number n
(1 £n < NBarc) and the block number m (1 <m<
NBm) to the position of the state variable of the link
capacitance of the block model m. Although the second
function (Cqr(n,m)) has the same input as the first
function, the second function gives the value of the link
capacitance of the block model m. The variable NBm is all
the time equal to two according to our assumption. In the
case of an arc model block placed between a block model
and the ground, the value I,..(n,2) and Cg..(n,2) does
not exist as well as all values associate to them. The last
mapping function (Arc(n,q)) associates the arc model
number n (1 < n < NBarc) and the differential variable g
(1 < g < NBmax) to its state variable position. Another
important information is given by the vector ag.. €
NVBare which contains the information whether the nt" arc
model is active (1) or inactive (0). Finally, t.(n), U.(n),
7,,(n) and P,,(n) correspond with the n'* arc model
parameters of the considered network.

C. Formulations
This paragraph focuses on the formulation of (6) when
an arc block model is used in a block diagram. For
example, let us consider the following sample block
diagram composed of a generator, a load and an arc model
which is placed between the generator and the load (Fig.
1).

Arc - Load

Fig. 1 Simple block diagram with an arc block
The block generator model[9] has as parameters R, Rc,

L;, C; and e(t). The block load model[9] has as
parameters R,, L,, C, and R, which is in parallel with C,.
The resistance R, is added for damping the voltage v,,.
The arc model is active only when a,,..(1) = 1. The arc
model used in a first time is the Cassie model and it has as
parameters t. and U,,.. The space state representation of
Figure (1) is non-linear and can be expressed as:
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while the Cassie model is replaced by the Mayr model with
its arc parameters 7,,, and B, the new system of equations
becomes:
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Finally, the Mayr model is substituted by the Habedank
model. The parameters of the Habedank model are t,

Ugres T @nd B,,. The system of equations becomes:
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In this example, matrices A and B do not exist due to

block models used and to the block diagram on Fig. 1.

L T

where ggc =

D. Block modelling method algorithm
Let us use the example of Fig. 1 to complete the
algorithm. Firstly, let us apply the block modelling method
definition [8] for computing matrices A and B.

A, 0 0

A=A=|0 4, 0 (10)
[0 0 Al
B, 0 0

B=B=|0 B, 0 (11)
L 0 0 Earc-

Now, we can develop the different mapping function of
Fig. 1 according to the definition stated in part Il. B.
Figure 1 has one arc block model (NBarc = 1) which
connects the two block models (m = 2). As consequence,
we can write I,,..(1,1) =2, I4.(1,2) =3, Cuc(1,1) =
C1, C4rc(1,2) = C,. The Cassie model and the Mayr model
have one differential equation so (¢ = 1) so Arc(1,1) = 5.
In the case of the Habedank model, ¢ = 2 so the Arc
mapping function is Arc(1,1) = 5 and Arc(1,2) = 6.

At the start of the simulation, the matrix A4,,,,(x) and
the vector v are initialized to zero. Before updated the
previous matrix and vector, if we consider NBarc models
(1 < n < NBarc) in the considered power system, we can
write the conductivity of each arc model according to their
type such as:

e g.(n)=x(Arc(n, 1)), in the case of the Cassie

model;

o gm(n) =x(Arc(n,1)), in the case of the Mayr
model;

_ ghcMGrmn) _

* gh(n) - Ghc(M)+gpm ) where ghC(n) -

x(Arc(n, 1)) and gn,,(n) = x(Arc(n,2)) in the
case of the Habedank model.

Another important parameter to compute, before
updating the matrix A,,, and the vector v, is the voltage
across the arc block models and can be written as:

Ugrc(N) = x(larc (n, 1)) - x(Iarc (n, 2)) (12)

In order to update the matrix 4,,,,(x), the following
expressions are used for any of the previous arc model for
any number of arc models for 1 < n < NBarc.

Yarc
A I n,1),1 nl))=———— 13
non( arc (M 1), Igre( )) Cgrc(l'l) (13)
Anon (Iarc m, 1), Igrc(n, 2)) = e (14)

Carc(L1)



garc

Anon(larc (Tl, 2)' Iarc(nv 2)) = - C (1 2) (15)
arc(d,
g
Anon(lare(, ), lare (1)) = 5 (16)
arcld,

where gurc = g.(n) or gn(n) or gn(n) according to
the type of the nt" arc model.

In the case of the Cassie model the element associate to
it and to the vector v is:

s 1) = are) 2 (S0 1)
while for the Mayr model
v (Ipos(n, 1)) =
) gm(n>< tareM? 1) (18)
T T () \ P gm ()

finally, the expressions if the Habedank model is used are:

v (Ipos(n, 1)) =

Agrc (1) ((gh(n)um(n))2
Tc(n) \ Uc(n)?gnc(n)

¥ (Ipos(n,2)) =

Are() ((ghm)um ™), w ) (20)

(19)

- ghc(n))

Tm() Bn(m)

I11. JACOBIAN MATRIX
The Jacobian matrix J is computed as:

0fixt)  0fi(x0)
0x, 0x,
= (21)

l0f,(x,t)

3f, (x,0) |

dx, . 0xy
filx, 1)

where f(x,t) = : .
fo(x, 1)

There are two ways to compute the Jacobian matrix,
with the numerical method[10] or with the analytical
method. In some cases, it is not possible to compute
analytically the Jacobian matrix and so the numerical
method is used. However, when it is possible to compute
the Jacobian matrix analytically, this is usually faster and
cheaper than the numerical approach. In our case, the
Jacobian matrix can be found analytically. Furthermore,
the same information as for upgrading the matrix 4,,,, and
the vector v is used.

According to our formulation (6) and the Jacobian
matrix formulation (21), the Jacobian matrix considered is
defined as:

[a 25';1 Anon(l'j)xj 0 Z?:l Anon(lrj)xj]
dx, dx

14
J=A+ | : : |
[6 Z?=1An0n(1'j)x]' 0 Z?:1Anon(1'j)ij

0x, dx,

[av(l) av(p)]
0x; 0xy |
+ : :
() av(P)|
dx; 0xy
=A+Jnon+ /1y (22)

The computation of the matrices J,,, and J, can be
done by the following process (23)-(46) for 1 < n <
NBarc according to the type of nt" arc model used. The
first step is to initialize the matrices J,,,, and J,, to zero.

Jnonare(n, ), Laren, 1) = =2 (@)
Jnonare(, D are () = c=20as (29
o are (1,20 Lare(1,2)) = g2os - (25)

o are (1,20 Lare (0, 1) =~ (26)

where ggre = gc.(n) or g,,(n) or gp(n) according to
the type of arc model used. For the Cassie model and Mayr
model, the two following equations are used for upgrading
the matrix /.oy,

Jnon (Tare (1 1), Tpos(n, 1)
Ugrc (Tl) (27)
= —grc(n)

Carc(LD)

Ugre(N)
JnonUarc(m, 2), Ipos(n' 1) = agrc(n) m (28)

while for the Habedank model, the four following
equations need to be computed and upgraded.
]non (Iarc (n' 1)' Ipos (n' 1))
_ Agre(MUgrc (M) Gn (n)z (29)
B Carc(1,1) gnc(m)?
]non (Iarc (n' 1)! Ipos (n' 2))
_ %arc (Mugrc(M)gnr(m)? (30)
B Carc(1,1) gpm (n)?
]non (Iarc (n' 2)! Ipos (n' 1))
_ aarc(n)uarc(n)gh(n)z (31)
B Carc(1,2) gpc(n)?
JnonUare(m, 2), Ipos (n,2))
_ Aarc (n)uarcgh(n)z (32)
B Carc(1,2) gpm (n)?
The last step of the computation of the Jacobian matrix
J is the computation of the Jacobian of the vector v called
matrix J,. For the Cassie model, the following three
equations are considered for upgrading the matrix J,,.

Jv (Ipos(n: D, Iarc(n, 1))
= gre(n)

Iv (Ipos(n’ D), lgrc(n, 2))

29.(M)ugr(n) (33)
Tc(MU(n)?

2gc(Muare(n)  (34)
= —Agre (n) T NTI2
Tc(MUeé()
Iv (Ipos(n’ 1), Ipos(n' 1))
_ are(m) (uén(n)_ ) (35)
() \Uc(n)?

While for Mayr, the following three equations are

considered.




Jo (Lpos (0, 1), Iare (n, 1))
_ 2gm (W) ugrc () (36)
= are () B ()

Jo (Fpos (0, 1), Iare (1, 2))

ZQm(n)Zuarc(n) (37)

= —grc(n) T, (WP (1)
Jo (Ipos (0, 1), Los(n, 1) )
_ Qarc (n) <ng (n)ugrc (n) -1 (38)
() P ()

Finally, for the Habedank model, the following eight
equations are used.

Jo (Lpos (0, 1), Iare (n, 1))
2gn (W) ?tgre(n) (39
Te(MUZ (1) ghe (n)
Jo (lpos (1 D, Lare (n,2))
oy 2 () (0
T T WU Gram (1)
Jo (Epos (0, 1), Lpos (1) )
— aarc(n) (uarc(n)z gh(n) (1 _ Zgh(n)) _ 1) (41)
7e() \Uem?gnem?\" " grm(m)
Jo (Tpos (1, 1), Ipos (1,2))
_ Gare(1)2ugr ()7 gy ()’ (42)
" T (MU (M) G () Grm (1)?
Jo (Tpos (1. 2), Lare (n, 1))

= Agrc()

20n (M) ugrc(m)  (43)
= Qgrc (Tl) T (n)Pm (Tl)

Jo (Lpos (0, 2), Iarc (1, 2) )

2gn(n)*ugr(n) (44)

= e P )

Jv (IPOS (n, 2), Ipos (n, 1))
_ Qarc (n)2ugrc (n)z In (n)3 (45)

Tm (n)Pm (n)ghc (n) z
Jo (Epos (1, 2), Ipos(n, 2))
_ Xarc (n) <2uarc (n)z Yn (n)3 _ 1) (46)
Tm (Tl) Pm (n)ghm(n)z

IVV. TEST CASES

A. Simple Circuit

Let us consider again Fig. 1 modelled with the block
modelling method implemented in MatLab for the different
arc models and modelled in MatLab/SimPowerSystem.
After that, the computation time of both modelling
methods are compared. In fact, the integration method is
the same for both modelling methods and this integration
method is called ode23tb[11] with a relative tolerance of
107,

The parameters of the different simple block diagram
according to Equation to are R, =R, =0.01Q, Rc =
R;=1kQ, L, =L, =3.52mH, C,=19.8nF, C,=
19.8uF, e(t) = 59196 cos(100mt) V, t. = 12us,
Ugre = 5kV, T, = 4us and B, = 2MW. The arc model is
active when the time exceeds of 0.012s.

Table 1 shows that the computation time of the sample
electrical block diagram of Fig. 1 is the shortest when the
Jacobian matrix is computed analytically. In fact, it is in
general cheaper to use an analytical Jacobian instead of a
numerical Jacobian. Fig. 2 shows the current through the
Cassie model and the voltage across it. As described in the
literature, the Cassie model maintains the steady state
voltage. Fig. 3 shows the current through the Mayr model
and the voltage across it. As described in the literature, the
Mayr model is able to interrupt short-circuit current. Fig. 4
shows the current through the Habedank model and the
voltage across it. The arc parameters used permit the

interruption of current.
Table 1
Computation time of the block diagram of Fig. 1 in second for different

modelling methods and arc models
Cassie Mayr Habedank
model model model
MatLab/SimPower | 2.61s 253s 2.96s
Numerical Jacobian
Block modelling 1.30s 1.99s 2.05s
Numerical Jacobian
Block modelling 112s 192s 1.99s
Analytical Jacobian
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Fig. 2 Voltage and Current of the Cassie model
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Fig. 3 Voltage and Current of the Mayr model
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Fig. 4 Voltage and Current of the Habedank model

B. Generator fault

For the Generator fault, we consider the following block
diagram.

Arc 3P

=

Fig. 5 Sample block diagram
The block diagram of Fig. 5 simulates the interruption

of a three phases to ground short-circuit (modelled by three
arc models according to the symbol ARC 3p of Fig. 5) by
the three phases generator (symbol G 3p in Fig. 5 which
consist of three independent generator blocks[8]). Each
phase of the generator block model has four parameters
R =0.01Q, Rc =1k, L =352mH and C = 19.8nF.
We consider the voltage supplied by the voltage source of
each phase to be shifted of +120° between each other:
e;(t) = 59196 cos(100mt) V,

e,(t) = 59196 cos(1007'[t —%”)V and

es(t) = 59196 cos (100mt +Z)V.  Arc  model

parameters are the same for the three arc models and they
are t, = 12us, Uy = 5kV, 1, = 4us and B, = 2MW.
They are active when the simulation time will be larger
than 0.012s. As in the previous test case, we compare the
different computation times for different modelling
methods and arc models.

From Table 2, we can conclude that the analytical
Jacobian is more efficient than the numerical Jacobian.
Moreover, the MatLab/SimPowerSystem modelling
method is not the best method especially when the number

of arc models increase.

Table 2
Computation time of the block diagram of Fig. 5 in second for different

modelling methods and arc models

Cassie Mayr Habedank

model model model
MatLab/SimPower | 5.71s 3.35s 3.84s
Numerical Jacobian
Block modelling 1.03s 0.82s 0.82s
Numerical Jacobian
Block modelling 0.91s 0.73s 0.76 s
Analytical Jacobian

C. Larger test cases
In this part, we consider the following parameters for
each block model type [9] of the block diagram of Fig. 6:
e Generator: R = 0.001Q, R, = 100Q, L =
3.52mH and C = 1.98uF,
10t * 59196 cos(100xt) ift < 0.1
e(t) = { 59196 cos(100mt) else
e Load:R =1Q,R; =100Q, L =35.2mH and
C = 1.98uF
e Pl-section: R = 10uQ, R; = 100Q, L = 20uH
and C; = C, = 20uF;
e Pll-section: R, = R, = 10uQ, R; = 100Q,
L, =L, =20uH and C; = C, = C3 = 20uF;
o Arc:t, =12us, Uy = 5kV, T, = 4us and

P, = 2MW.
|
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Fig. 6 Electrical block diagram network 1
Each switching device that links block models has an

internal resistance of 0.1mQ. All R, resistances are in
parallel with link capacitors of each block model terminal
of the Load, Pl-section and Pll-section block models.

Let us first consider the block model diagram of Fig. 6.
Moreover, arc models used are Habedank models. In fact,
the block model diagram is composed of 66 differential
variables (x € R®®). The scenario of this test case is:



e From t=0s to t<0.345s : All currents and voltages
of the block model diagram of Figure 6 reach
their steady state;

e Att=0.345s: A short circuit appears by closing the
switching devise SC;

e  From t>0.245s to t<0.5s: The short circuit current
appears and all currents and voltages want to go
to the new steady state;

e At t=0.5s: Both arc models are activated;

e From t>0.5s to t=1s: Arc models do interrupt or
do not the short-circuit current according to the
parameters of the block diagram

For the block diagram of Fig. 6, we are going to
compare the modelling method with MatLab and
integrating the system of differential equations with the
method called ode23tb with a relative tolerance of 1073
with the numerical and with the analytical Jacobian.

From Table 3, the computation is four times faster with
the analytical Jacobian than with the numerical Jacobian.
From Fig. 7 to 9, we can see the development of the
scenario with the interruption of current of the both sides
of the PI-section which contains the short circuit. In Fig. 9,
we can see that, once arc n.2 interrupts the short-circuit
current, the voltage and the current of the load reach the
new steady state because the topology of the power system

has changed.
Table 3
Computation time

-100 -10
0 02 04 06 08 1
Time [s]
Fig. 9 Current and voltage of one load
When we use a second time the same block diagram and
numerical integration methods. But, this time we change
the generator parameter values of C and R, by

C = 1.98nF and R, = 1KQ.

Table 4
Computation time
Numerical Analytical
Jacobian Jacobian in
in MatLab MatLab
95.3s 60.3s

By changing these two values, the speed up is only of

Numerical
Jacobian
in MatLab

Analytical
Jacobian in
MatLab

90.3s

20.3s
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Fig. 7 Current and voltage of the arc n.1
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Fig. 8 Current and voltage of the arc n.2
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1.5 times in MatLab. This is due to the fact that arc n.1
never interrupts the short circuit current supplied by the
generator as shown on Fig. 10. But, as shown on Fig. 11,
arc n.2 interrupts the short circuit current.
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Fig. 10 Current and voltage of the arc n.1
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Fig. 11 Current and voltage of the arc n.2

The difference in speed up time between the cases of

the block model diagram of Fig. 6 is due to the fact of the

non-interruption of the short circuit current by the arc n.1.



Next, we are going to simulate, under the same
conditions and scenario as previously, the following block
diagram (Fig. 13). This time, the block diagram is a three-
phase power system which contains six arc models
(Habedank models). The short-circuit is only present on
the phase one. In total, there are 324 differential variables
(x € R3%).

The following Table 5 shows the computation time.

Table 5
Computation time

Analytical
Jacobian in
in MatLab MatLab
>3600s (60min) 211s

Fig. 12 shows the voltage and current of the arc number
1 of phase one of the network. We can see that, the short
circuit is interrupted. Moreover, by this example, we can
see the added value of computing the Jacobian matrix
analytically (Table 5).

Numerical
Jacobian
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Fig. 12 Current and voltage of the arc n.1

\

V. CONCLUSION

The study of current interruption is important for
designing a power system. In general, the studies use non-
ideal switching devices for large power systems. However,
for a better design of power system components, arc
models can replace non-ideal switching devices. Arc
models describe the thermal process of current interruption
which gives much more information than a non-ideal
switching device. The block modelling method permits the
computation of the Jacobian matrix which gives a large
speed up in terms of computation time especially for large
power system.
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