
Voltage-Behind-Reactance Model of Six-Phase 
Synchronous Machine Considering Stator Mutual 

Leakage Inductance 
 

Navid Amiri, Seyyedmilad Ebrahimi, Juri Jatskevich and Hermann W. Dommel 
 

 
Abstract—Six-phase machines and the challenge of interfacing 

them with power electronics devices and inductive networks have 
always been an interesting topic of research. Coupled Circuit 
Phase Domain (CCPD) model of the machine has been an 
alternative to the conventional qd0 equivalent circuit to address 
the machine interfacing issue. This paper presents another 
suitable alternative in the form of a Voltage-Behind-Reactance 
(VBR) model of the machine. Similar to the CCPD model, the 
VBR model can also be interfaced with any kind of network 
without using any snubber circuits. At the same time The VBR 
model achieves better numerical efficiency compared with the 
CCPD model due to reduced size of the system matrices. The 
machine model is simulated in a single-phase to ground fault 
scenario while being connected to a 6 phase grid. The presented 
model also considers machine mutual leakage inductances which 
are shown to have considerable effects on the simulation results.  
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I.  INTRODUCTION 

ODELING of rotating electrical machines for studying 
the system transients has been an active research area 

for many decades [1], wherein many models have been 
proposed for the electromagnetic transient programs (EMTP) 
[2] and the state-variable (SV) -based programs [3], [4]. 
Electrical machines with high number of phases (more than 
three) on the stator in addition to having reduced power per 
phase also open the possibility for fault tolerant operation [5]. 
Six phase synchronous machines were introduced to 
overcome the issue of high stator current in high power 
generators. This makes the six-phase synchronous machine a 
suitable choice for ships, aircraft, and vehicles where high 
reliability is of critical importance [6]-[7]. With the modern 
variable speed high power drives, multi-phase machines are 
also playing an increasing role in overcoming the current 
limitation issues of semiconductor devices used in power 
electronic converters [8] [9]. 

The coupled circuit phase domain (CCPD) [10] and 
conventional qd [11], [12] models have been used for steady 
state and transient analysis of multi-phase machines. In six-
phase machines, the stator is typically formed as two sets of 
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three phase windings. The CCPD model is established based 
on the magnetically-coupled circuits of the stator and rotor 
windings [13]. The advantage of such representation is that 
the stator and rotor circuits can be directly interfaced with any 
external network, provided that the simulation program where 
the model is developed allows the user to implement variable 
inductances. In addition to the stator, the rotor will typically 
have several equivalent damper windings and a field winding, 
all of which results in increasing the size of the machine’s 
inductance matrix. Moreover, since this model will have 
(variable) rotor-position-dependent self and mutual 
inductances, the entire machine’s inductance matrix will also 
be variable. The changing inductances result in a model that is 
computationally very expensive for either EMTP or SV 
transient simulation programs, as the model parameters have 
to be recalculation at each time step. 

The synchronous machine qd models are typically 
expressed in the rotating rotor reference frame [14], [15], 
where the equivalent circuit is derived in two qd planes both 
rotating with the same rotor speed. Moreover, the dual qd 
plane circuits have cross-coupling between each of the four 
axes due to the angle shift between the two three-phase sets. 
As expected, this formulation achieves a constant parameter 
model in transformed qd variables and a corresponding 
numerically efficient implementation of the model. However, 
similar to the conventional three-phase qd models [16], the 
six-phase qd model is difficult to interface with the external 
inductive power networks which are typically represented in 
physical variables and coordinates. 

This paper extends the voltage behind reactance (VBR) 
formulation that has been proposed for the three-phase 
machines for both EMTP and SV transient simulation [17], 
[18] programs to the six-phase synchronous machine. The 
machine’s equations in dual qd plane are re-arranged to 
provide a standard state-space model with the rotor flux 
linkages as the state variables, stator currents as inputs and 
sub-transient stator voltages as outputs. The equivalent sub-
transient back emfs are first expressed in dual qd plane and 
then transformed into the six-phase abc1abc2 coordinates. 
Moreover, the model takes into account the mutual leakage 
inductances between the two three-phase stator winding sets 
[14] which are shown to have a significant effect on the 
machine transients. The model achieves a direct and 
convenient interface of the stator equivalent circuit with 
arbitrary external networks, which is particularly useful for 
investigating the machine-converter transients. The new 
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model is demonstrated on an example six-phase synchronous 
generator system that feeds a six phase grid through an 
inductive line. The proposed six-phase VBR model is shown 
to produce very accurate simulation results and outperform the 
conventional qd and CCPD models in terms of simulation 
speed. 

II.  VBR FORMULATION AND EQUIVALENT CIRCUIT 

This paper models a six phase synchronous machine with 
two sets of symmetric three phase windings on the stator. The 
stator windings are arranged with a 30 degree displacement 
between the three phase sets. The rotor is salient and has two 
damper windings along the rotor qd axes and a field winding 
along d axis [14]. 

 
Fig. 1.  Two pole salient rotor six-phase synchronous machine with 30 degree 
phase shift between the two three-phase set. 

Having two sets of three phase windings on the stator, two 
separate transformations to the rotor frame are required for 
each three phase winding. This will create a dual plane 
structure, each representing one three phase set and both 
rotating with the same speed as the rotor. Due to the angle 
shift between the three phase windings, the parameters on 
each axis in one plane have magnetic coupling with both axes 
of the other plane. This coupling is represented by mutual 
leakage inductances in the machine’s equivalent circuit. 
Similar to a conventional three phase synchronous machine, 
the six phase machine model is based on the equivalent circuit 
in the rotor reference frame using the following 
transformation. 

012 1 2( )dq r abc abcf K f  (1) 

where 

1 2 1 1 1 2 2 2[ , , , , , , , , ]T
abc abc a b c a b c kd kq fdf f f f f f f f ff  (2) 

012 1 1 01 2 2 02[ , , , , , , , , ]T
dq d q d q kd kq fdf f f f f f f f ff  (3) 

3 3( ) diag [ ( ), ( ), ]r r r     K K K I  (4) 

where K is the Clark’s transformation matrix. 
In Fig. 2. Llm and Lldq are the mutual leakage inductances 

between the conductors of each three phase set [14]. These 
mutual inductance is the result of the magnetic flux that does 
not cross the air gap and couples the conductors of each three 
phase sets in the same stator slot. The mutual leakage 
inductances for two three-phase sets with ζ degree shift are 

defined as: 

1 2 1 2 1 2

2 2
cos cos( ) cos( )

3 3lm la a la b la cL L L L
        , (5) 

1 2 1 2 1 2

2 2
sin sin( ) sin( )

3 3ldq la a la b la cL L L L
        . (6) 

where Lla1a2, Lla1b2 and Lla1c2 are the actual leakage inductances 
which are present mostly in the stator slots between the 
conductors of one three-phase set and each of the conductors 
on the other three phase set. In a symmetric winding 
configuration the following relation can be considered: 
 1 2 1 2 1 2a a b b c cL L L  , 1 2 1 2 1 2a b b c c aL L L  , 

1 2 1 2 1 2a c b a c bL L L  . (7) 

 
Fig. 2.  Dual plane qd0 equivalent circuit of a six-phase machine in rotor 
reference frame. 

It should be noted that the zero sequence circuit is not 
considered in the VBR formulation due to the fact that the 
VBR model is implemented in a six-phase phase domain 
system with no ground connection. Based on the equivalent 
circuit in Fig.1. the following stator voltage equation can be 
defined: 

1 1 1 1sd s sd r sq sdv r i p      , (8) 

1 1 1 1sq s sq r sd sqv r i p      , (9) 

2 2 2 2sd s sd r sq sdv r i p      , (10) 

2 2 2 2sq s sq r sd sqv r i p      . (11) 

In (8)-(11) the stator flux vector on both qd planes can be 
defined as following: 

1 1 2 1 2( )sd md lm sd sd l sd ldq sqL i i L i L i      , (12) 

1 1 2 1 2( )sq mq lm sq sq l sq ldq sdL i i L i L i      , (13) 

2 1 2 2 1( )sd md lm sd sd l sd ldq sqL i i L i L i      , (14) 

2 1 2 2 1( )sq mq lm sq sq l sq ldq sdL i i L i L i      , (15) 

where the magnetizing flux is defined as:  



1 2( ( ))fdkd
md md sd sd

lkd lfd

L i i
L L

     , (16) 

1 2( ( ))kq
mq mq sq sq

lkq

L i i
L


    . (17) 

In (16)-(17) the sub-transient inductances are defined as: 

11 1 1
( )md

md lkd lfd

L
L L L

    ,    11 1
( )mq

mq lkq

L
L L

   . (18) 

According to the machine equivalent circuit and by using 
(16)-(17), the state space equations can be expressed as the 
rotor flux vector.  

1 2(( 1) ( ))fdkd md
kd kd md md sd sd

lkd lkd lfd

r L
p L L i i

L L L


 


      , (19) 

1 2(( 1) ( ))fd md kd
fd fd md md sd sd

lfd lfd lkd

fd

r L
p L L i i

L L L

v


 


     


, (20) 

1 2(( 1) ( ))kq mq
kq kq mq sq sq

lkq lkq

r L
p L i i

L L
 


    . (21) 

By substituting the stator flux in (8)-(11) with the ones 
from (12)-(15) and (16)-(17), the stator voltage equations can 
be re-written in the following form: 

1 1 1 1

1 1 1 1

2 2 2 2

2 2 2 2

sd sd sd sd

sq sq sq sq

s
sd sd sd sd

sq sq sq sq

v i i e

v i i e
r

v i i e

v i i e

       
                 
       
                     

L  (22) 

where the sub-transient inductance matrix is defined as: 

0

0

0

0

l md lm

l mq lm

md lm ldq

ldq mq lm

ldqmd lm

mq lmldq
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L L L

L L L
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 
   
   
  
  

  
 
  

L

 (23) 

and the sub-transient back-emf voltages as: 
22

1 1 3 2 2

2 2

3 2 2

22

1 22 2

( )

( )

( )( )

fd mdkd md kd md
d r q kd

lkd lkd lkd lfd

fd md fd md kd md
fd

lfd lfd lfd lkd

fd mdkd md
sd sd fd

lkd lfd

r Lr L r L
e

L L L L

r L r L r L

L L L L

r Lr L
i i v

L L

  



 
     

  
  


   

, (24) 

1 1 2

2

1 22

( 1)

( )

kq mq mq
q r d kq

lkq lkq

kq mq
sq sq

lkq

r L L
e

L L

r L
i i

L

  
 

   


 

, (25) 
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2 2 3 2 2
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3 2 2
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fd md fd md kd md
fd

lfd lfd lfd lkd

fd mdkd md md
sd sd fd

lkd lfd lfd

r Lr L r L
e

L L L L
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L L L L

r Lr L L
i i v

L L L
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

 
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  
  

 
   

, (26) 

2 2 2

2

1 22

( 1)

( )

kq mq mq
q r d kq

lkq lkq

kq mq
sq sq

lkq

r L L
e

L L

r L
i i

L

  
 

   


 

, (27) 

where the sub-transient fluxes are defined as: 

1 2
md md

d d kd fd
lkd lfd

L L

L L
   

 
    , (28) 

1 2
mq

q q kq
lkq

L

L
  


   . (29) 

Using equations (19)-(21) and (24)-(27) the following 
state-variable model can be obtained: 

1

1

2

2

1
1

1
1

2
2

2
2

sd

sqkd kd

sdfd fd

sqkq kq

fd

sd
sd

sqkd
sq

sdfd
sd

sqkq
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fd

i
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ip

i
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i
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i
e

i
e

v

 
 
 





 
                         
  

                            

A B

C D

, (30) 

where the system matrices are defined as the following: 

( 1) 0

( 1) 0

0 0 ( 1)

kd md kd md

lkd lkd lfd lkd

fd md fd md

lfd lkd lfd lfd

kq mq

lkq lkq

r L r L

L L L L

r L r L

L L L L

r L

L L

  
 

 
    
 
 

 
 

 

A , (31) 



0 0 0

0 0 1

0 0 0

kd md kd md

lkd lkd

fd md fd md

lfd lfd

kq mq kq mq

lkq lkq

r L r L

L L

r L r L

L L

r L r L

L L
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 
 

  
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 

B , (32) 
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Applying inverse transformation on (22) back to the six- 
phase system yields the following equation for the machine 
which can be easily interfaced with an inductive or power 
electronics network. 

1
1 2 1 2 12 1 2

1 2

( ( ) ( ) )abc abc s abc abc r dq r abc abc

abc abc

r p     



v i K L K i

e
 (35) 

III.  CASE STUDY AND SIMULATION RESULTS 

The presented VBR model is applied to a six-phase 
machine with 30 degree phase shift between the two three 
phase winding sets. The machine feeds a six-phase system 
through an inductive line. The detailed electrical system in 
Fig. 3. is implemented in Matlab/Simulink [4] Using PLECS 
[3] toolbox. The simulations use ode45 variable time step 
solver with relative and absolute error tolerances set at 10-4. 
For benchmarking purpose, three machine models have been 
implemented: the conventional qd model, the coupled circuit 
phase domain model and the presented VBR model. The 
results obtained with each model are compared with a 
reference solution. The reference solution uses a CCPD model 
with relative and absolute error tolerances set at 10-7 and the 
maximum step size of 20µs. It should be noted that snubber 
resistors (Rsnubber = 40 Ω) are connected in parallel with the qd 
model to allow interfacing with an inductive network. The 
simulation runs for a 1.5 second scenario in which a single 
phase fault occurs on phase ‘a1’ of the stator at t=0.5 s. The 
modeling procedure considers the effect of mutual leakage 
inductances present between the phase conductors in stator 
slots in the machine. In order to better show the effects of 
these inductances, transient analysis is done both with and 
without the presence of mutual leakage inductances in Fig. 6. 

 
Fig. 3.  Circuit schematics of the implemented system. 

According to Fig. 4, all models are able to reproduce the 
same machine waveforms. However the models are different 
in terms of accuracy and simulation performance. Fig. 5. 
depicts a magnified view on the machine phase currents and 
torque immediately after the fault. According to Fig. 5. the qd 
model uses a significantly higher amount of time steps to 
achieve its solution. Due to the use of snubber resistors, the qd 
model solution has a considerable amount of error compared 
to the reference. At the same time, the other two models 
achieve highly accurate results with significantly less time 
steps with no interfacing issue. 

Moreover, in order to show the importance of modeling the 
mutual leakage inductance in the six-phase machine, the 
simulation is also done for the same scenario with and without 
considering its effect. Fig. 6. show that the mutual inductance 
can have a dramatic effect on the shape and peak of the 
machine current wave form. While the current in the phase 
under fault is not affected very much, the current in the 
healthy phases are affected considerably according to their 
value of the mutual leakage inductance with the fault phase. 
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Fig. 4.  The machine a) stator phase ‘a1’ current b) stator phase ‘a2’ current  
c) Electromagnetic torque and d) rotor speed. 
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Fig. 5.  Magnified view of a) stator phase ‘a1’ current b) stator phase ‘a2’ 
current and c) the machine torque using the implemented models. 
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Fig. 6.  Stator six phase currents at the moment of a single phase fault on 
phase ‘a1’ at t = 0.5s, with and without considering the mutual leakage 
inductances. 

 
The Simulation performance in terms of CPU time and 

number of steps are presented in table I. It can be observed 
that the conventional qd model takes the highest number of 
steps (312,863) and CPU time (21.7s) due to high stiffness 



created by the snubber resistances. The CCPD model does not 
need snubber resistances in order to interface with an 
inductive system and therefore solves the system in the 
simulation scenario in considerably less amount of CPU time 
(3.9s) and lower number of time steps (6,309) due to slower 
system eigenvalues. However, the CCPD model still needs to 
solve a 9 by 9 matrix at every time step which has a negative 
effect on its performance. The VBR model on the other hand 
increases the simulation performance even more by reducing 
the size of the system to a 6 by 6 matrix, resulting in a CPU 
time of 1.1s and 1,541 for the total number of time steps. 

Table II also shows very high accuracy of the CCPD and 
VBR model in comparison with the conventional qd model. 

According to Fig. 6. it has been also shown that mutual 
leakage inductance between the conductors can affect the 
results considerably, especially in high current transients. 

TABLE I.  CPU TIME AND NUMBER OF STEPS FOR THE 1.5-SECOND STUDY 
Model / Performance Simulation Time Number of steps 

qd model with snubbers 21.7 s 312,863 

CCPD model 3.9 s 6,309 

VBR model 1.1 s 1,541 

 
TABLE II.  COMPARISON OF  2-NORM ERRORS 

 

IV.  CONCLUSIONS 

In this paper a voltage behind reactance model of a six 
phase synchronous machine along with rotor damper windings 
is presented. The modeling procedure accounts for the mutual 
leakage inductances which are shown to have considerable 
effects on the final results during transients. The machine 
model is connected to a six-phase grid. The simulation is run 
for a single-phase to ground fault scenario in a 1.5 second 
time window. The VBR model is shown to be able to 
significantly outperform the conventional qd model due to 
lack of snubber resistances. The VBR model could also 
achieve better performance compared to the CCPD model due 
to reduced size of the system matrix. 

APPENDIX 

TABLE III.  MACHINE PARAMETERS [14] 

Parameters Value 
Rated Phase Voltage / Power 240 V / 100 kva 
Rated Rotor Speed / Torque 1800 rpm / 530 N.m 

Lmd, Lmq , Lls 3 mH , 1.4 mH , 150 µH 
Llfd , Llkq , Llkd 120 µH , 180 µH , 140 µH 

rs , rrkq , rrkd , rfd 16 mΩ , 2.5 mΩ , 2.3 mΩ , 1.6 mΩ 
La1a2 , La1b2 , La1c2 43 µH , -43 µH , 0 H 

rline , Lline 0.1 Ω , 100 µH 
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Model / Performance 
2-norm of relative errors 

Stator 
Current 

Electromagnetic 
Torque 

Stator 
Voltage 

qd model with snubbers 5.06 % 4.2 % 6.56 % 

CCPD model 0.04 % 0.05 % 1.8 % 

VBR model 0.04 % 0.05 % 1.8 % 


