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Abstract--The paper presents a hybrid co-simulator
comprising EMT and dynamic phasor-based simulators. The
EMT simulator models part(s) of the network wherein fast
transients are prevalent and detailed modeling is necessary. The
dynamic phasor solver models the rest of the network using
extended-frequency Fourier components. Specialized algorithms
are developed and presented to accurately map instantaneous
EMT and counterpart dynamic phasor samples. The paper
demonstrates the developed co-simulator using an example of the
IEEE 118-bus three-phase network in which a wind farm is
included. The wind farm and the network in its vicinity are
modeled in the PSCAD/EMTDC electromagnetic transient
simulator, and are interfaced to the rest of the system modeled in
a dynamic phasor-based solver. The paper demonstrates the
accuracy of the proposed co-simulation for a range of time-step
ratios of the two solvers, and also reports the substantial
computational time savings obtained using the hybrid simulator.
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I. INTRODUCTION

E

LECTROMAGNETIC transient (EMT) simulation of
large electrical networks is a challenging task due to the
inherent computational intensity of EMT models and solution
methods. EMT simulation of fast transients, e.g., switching
events of high-power electronic converters, is particularly
cumbersome as it needs small simulation time-steps to
accurately capture high-frequency components. Under such
circumstances, the entire network will be simulated with a
small time-step, even though fast transients may only be
confined to small portions thereof. With the proliferation of
switching converters in modern power systems, it is
increasingly necessary to use EMT simulations for larger
systems to the extent that the required computational resources
have nearly always outpaced the computing power of
contemporary computers.
Several methods have been proposed to extend the
applicability of EMT simulators in the study of large and
complex power systems. Simplifications to individual
component models, which is widely applied to high-frequency
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power electronic converters and is referred to as averaging, is
one such method [1,2]. Alternatively, dynamic equivalents
represent a portion of a large network by aggregating several
components in a reduced-order model to relieve the
computational intensity of simulation of the whole network [35]. Dynamic equivalents often yield significant reduction in
the number of nodes to be included in the system’s equivalent
admittance matrix. In both the averaged-value and dynamic
equivalent modeling approaches, a single EMT simulator will
solve the entire network containing regular EMT-type and
averaged or dynamic equivalent models.
Co-simulation is another approach to enable EMT-type
simulation of a large network. Co-simulation is based upon an
interface established between an EMT simulator and another
solver. The two simulators will each solve a portion of the
network under consideration concurrently. Since constituent
simulators may not necessarily simulate networks in the same
domain (i.e., time or frequency), simulated waveform samples
need to be properly transferred from one simulator to another;
this requires specific mapping algorithms. Examples of cosimulation have been reported by interfacing EMT simulation
with transient-stability programs [6-8], finite-element
simulation [9], and software- and processor-in-loop simulation
[10,11]. Real-time EMT simulation with control and power
hardware-in-loop interfaces are reported and reviewed in [12].
This paper proposes a co-simulation environment by
interfacing an EMT simulator with an extended-frequency
dynamic phasor-based solver. Previous studies have
mentioned and partially shown the benefits of a hybrid EMT
and dynamic phasor simulator [13,14]; however, the work
presented herein is the first such co-simulator with numerical
stability, and the ability to include a wide range of harmonics.
The EMT simulator is used to simulate parts of the network
where fast transients are present, e.g., in the electrical vicinity
of fast-acting controllers and switching power-electronic
converters. Such portions of the network require detailed
modeling and small simulation time-steps. The dynamicphasor solver represents the rest of the network, where fast
transients are less pronounced or their representation is not
necessary and can be avoided for computational gains.
Segmentation of a large network into EMT and dynamicphasor portions enables use of simulation algorithms that are
best suited for each individual portion without having to incur
either large computational burdens or large inaccuracies.
Following a detailed description of the established
interface, an algorithm is proposed to provide mapping
between EMT and dynamic phasor samples across the
interface. The efficacy of the proposed interface is
demonstrated via co-simulation of the IEEE 118-bus system

wherein a wind farm is embedded.

angular frequency of

II. MATHEMATICAL PRINCIPLES OF DYNAMIC PHASORS
A dynamic phasor is a harmonic component of the Fourier
spectrum of a waveform. Consider a real-valued
waveform x() over the interval (t  T ,T ] . The length of the
interval T may be selected arbitrarily, although in the study of
power-electronic converters it is normally chosen to be the
converter’s switching period [15]. The waveform x() is
represented over the considered interval using the following
Fourier series:
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where x h (t ) is the Fourier coefficient corresponding to the hth harmonic; x h (t ) is shown as an explicit function of time to
stress the fact that the waveform’s harmonics may change over
time as the sliding window moves along the time axis. These
Fourier coefficients are determined using conventional Fourier
formulation shown below.
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where * denotes complex conjugate.
It is straightforward to note that (1) can be re-written as an
explicitly real-valued infinite series as follows.
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Therefore, it is noted that the dynamic phasor corresponding
to the h-th harmonic component is 2 x h (t ) , which denotes the
time-varying magnitude and phase of a harmonic that has an
2
angular frequency of h
.
T
Basic circuit components (i.e., resistors, inductors, and
capacitors) can be readily expressed using extended-frequency
dynamic phasors by applying the above formulae to their
characteristic time-domain equations as shown in [16]. Once
obtained, elements’ characteristic equations can be discretized
using a suitable integration method (e.g., the trapezoidal
method) for discrete-time simulations on a digital computer.
Other circuit components, such as machines and converters,
may also be similarly modeled using dynamic phasors [17, 18]
and connected to the rest of the network as dynamic currentinjecting sources similar to a conventional EMT solver, which
is based upon an admittance matric formulation.
It is important to note that the formulations in (1) and (3)
are based upon individual harmonic components (denoted by
h); alternatively, one can re-formulate (3) into an equivalent
form shown in (4), which effectively represents all harmonic
components as a single harmonic component at the base
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Using (4) one can define a base-frequency dynamic phasor
involving all harmonic components (including dc) as follows.
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It is straightforward to see that a reasonable approximation
of a waveform can be obtained by considering only a subset of
constituent harmonics in its Fourier expansion in (1) [15]. For
example, 0-th (h = 0) and 1-st (h = 1) components may be
considered adequate to represent dc and ac quantities in a
power-electronic converter, respectively. Additional accuracy
is obtained merely by including higher frequency components,
thus the notion of extended-frequency dynamic phasors [16].
This observation can be readily extended to (5) as well. In
other words, one may include only a small subset or as many
harmonic components as desired in (5) to represent the basefrequency composite dynamic phasor of a waveform.
Naturally, inclusion of a larger number of harmonics will yield
a more accurate representation of a waveform.
Full harmonic preservation is adopted in the following
section where an interface between a dynamic-phasor solver
and an EMT solver (hereinafter called a DP-EMT simulator) is
described. In other words, all dynamic phasor quantities in the
following sections are similar to (5) and include the entire
simulated harmonic spectrum; note that they are at the
fundamental frequency although they are augmented with full
harmonic (and dc) components as denoted in (5).
III. DP-EMT INTERFACE: LAYOUT AND ALGORITHM
A. Interface layout
The functional form of the established DP-EMT interface is
a transmission line with EMT and dynamic-phasor quantities
at its two ends. EMT-type programs conventionally use
traveling wave models to represent transmission lines.
Travelling wave models introduce natural decoupling to the
nodal equations of an EMT simulator [19]. More specifically,
the two networks at the sending and receiving ends of a
transmission line are isolated due to the line’s finite traveltime or transportation-time delay, also known as transmission
line latency. Fig. 1 shows the equivalent impedance
representation of the Bergeron lossless line model. This model
is used to establish an interface between EMT and dynamic
phasor solvers.
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Although calculation of these components is possible using
(2), it is not desirable to do so as it entails numerical
integration for each component and hence a large
computational burden. Alternatively, it is noted that the
following equality holds.
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Fig. 1. A lossless transmission line segment model.
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where  is the travel-time delay, and Zc is the line’s
characteristic impedance. According to (6) and (7), current
injections at nodes k and m at time t are calculated using
quantities at the other node at time t-. This natural latency
allows that the two sides of the line to be simulated using
different modeling approaches such EMT and dynamic phasor
solvers.
Consider a situation where the nodes k and m represent the
dynamic-phasor and EMT network segments, respectively.
The equivalent impedance model of such a DP-EMT model is
similar to Fig. 1; however, the corresponding quantities on the
node-k side are dynamic phasors and quantities on the node-m
side are EMT samples.
The DP form of (6) is as follows:
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According to (8), in order to calculate the current injection at
node k, instantaneous quantities at the EMT side (i.e.,
vm (t   ) and hm (t   ) ) are needed be converted to the
equivalent DP quantities. Similarly, to determine the current
injection at node m using (7), the DP quantities at node k need
to be converted to instantaneous quantities. Therefore, bidirectional signal conversion is required to realize the
proposed DP-EMT hybrid transmission line.
B. Sample conversion (DP to EMT and EMT to DP)
Conversion of a dynamic phasor X(t) to time-domain is
simply done using the following formula.
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Current-source injections at the two ends are as follows.
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Conversion of EMT simulation samples, however, is more
challenging. Note that (5) shows how a fully-augmented
dynamic phasor at the base frequency can be obtained. It is,
however, noted that calculation of X(t) using (5) requires all
individual Fourier components, x h (t ) , to be available.

Therefore, if x 1 (t ) is calculated using (2), then the first term
on the right-hand side of (10) can be calculated and then
subtracted from the already available left-hand side. Doing so
yields the second term on the right-hand side of (10), which
includes all dc and harmonic contents of the EMT waveform,
from which the corresponding fully-augmented fundamentalfrequency dynamic phasor can be readily calculated as per (5).
This method circumvents direct calculation of (5) using
individual harmonic components and yields the same fully
augmented fundamental-frequency dynamic phasor with much
reduced complexity.
In the following section, a case study of co-simulation
using the developed DP-EMT interface is shown. The example
demonstrates the accuracy and computational advantages of
the proposed co-simulation method.
IV. CO-SIMULATION EXAMPLE CASE
The IEEE 118-bus test system [20] is used to illustrate the
accuracy and efficacy of the proposed DP-EMT co-simulator.
As shown schematically in Fig. 2 a small portion (3 buses) of
the system containing a Type-4 wind farm of 75 turbines (6
MW each) [21] is modeled in an EMT simulator
(PSCAD/EMTDC) including detailed switching-level models
of power electronic converters. An aggregate representation is
used to model the wind farm, where only one wind turbine is
simulated and is then scaled up to represent the concurrent
operation of several wind turbines in the farm. The total
capacity of the wind farm is 450 MW.
The remaining 115 buses of the system are modeled in the
dynamic phasor domain in a custom simulation environment
and the proposed DP-EMT interface is used to connect the two
simulators. The existing 150-km transmission line between
buses 9 and 8 is used as the DP-EMT interface. The positive
sequence parameters of this line are shown in Table 1.
Communication between the two simulators is established
using the control network interface (TCP/IP-based) of
PSCAD/EMTDC.
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sequence, fundamental frequency only) rms voltage as well as
real and reactive power at the wind farm terminal for the DPEMT (500-s:20-s) co-simulation. These traces clearly show
the DP-EMT co-simulator closely replicates the results
obtained using the full EMT model of the whole network.
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Fig. 3. Instantaneous current and voltage waveforms at bus 10 (top two plots)
and bus 30 (bottom two plots) for EMT (20-s) and DP-EMT (20-s:20-s)
simulations.
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Three sets of simulations are conducted: (1) a DP-EMT cosimulation with a 20-s time step in both simulators; (2) a DPEMT co-simulation with 500-s and 20-s time-steps for the
DP and EMT segments, respectively; and (3) a full EMT
simulation with a 20-s time step. The full EMT simulation is
used to validate the results of the DP-EMT co-simulations.
The first co-simulation with equal 20-s time-steps for both
simulators is meant to verify that the co-simulator is able to
replicate full EMT results. The second co-simulation with a
25:1 time-step ratio is meant to show that significant
acceleration will be achieved with the use of a larger time step
for the dynamic phasor segment while maintaining the
accuracy of representation of low-frequency oscillations.
In all simulations, a three-phase-to-ground fault is applied
at bus 8 (see Fig. 2) at t = 1.8 s and cleared 6 cycles later.
Current and voltage measurements are captured at bus 10
(within the EMT segment) and bus 30 (within the DP
segment).
Fig. 3 shows a comparison between the results of the
hybrid DP-EMT (20-s:20-s) co-simulation and the fully
detailed EMT model of the whole network. These plots show
that the DP-EMT simulator has complete conformity with the
full EMT simulator when equal time-steps are used. This is
due to the fact that fully-augmented fundamental-component
dynamic phasors of EMT waveforms at the interface boundary
are calculated and transferred to the dynamic phasor segment,
thereby preserving the entire simulated harmonic spectrum.
Fig. 4 shows a comparison between the results of the
hybrid DP-EMT (500-s:20-s) and the fully detailed EMT
model of the whole network. These plots show that the DPEMT simulator is able to capture the low-frequency contents
of the waveforms before, during, and after the fault; some
high-frequency transients are not observed in the DP-EMT
results due to the fact that use of a larger time-step to gain
simulation speed results in less harmonic bandwidth in the
simulated waveforms.
Fig. 5 shows a comparison of the per-unit (positive
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TABLE I TRANSMISSION LINE (B8 TO B9) PARAMETERS (POSITIVE SEQUENCE)
Parameter
Value [pu] on a 138kV/100 MVA base
R (series resistance)
0.0025
X (series reactance)
0.0305
B (shunt admittance)
1.1620

I30 [kA]

Fig. 2. Segmented IEE118-bus test system with a wind farm.
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Fig. 4. Instantaneous current and voltage waveforms at bus 10 (top two plots)
and bus 30 (bottom two plots) for EMT (20-s) and DP-EMT (500-s:20-s)
simulations.

Table II shows the simulation time comparison between the
full EMT (the entire network at 20 s) and the DP-EMT (500
s:20 s) simulations for a simulation duration of 3 s. As seen,
the DP-EMT co-simulation is more than 5 times faster than
the EMT solver, thereby offering significant computational
relief. This reduction in simulation time is while maintaining
the accuracy of simulated results in terms of low-frequency
dynamics, as is shown in Figs. 4 and 5.
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