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Abstract--This paper presents a systematic investigation of
equivalent homogeneous earth method (EHEM) for calculation of
earth-return impedance of overhead conductors above a multi-
layer earth. The recently developed EHEM is based on the
concept of equivalent propagation constant of earth. The
characteristics of equivalent propagation constant of earth and
integrand convergences of EHEM are further studied. The
parametric studies of accuracy on earth-return impedance
between exact formula (EF) and EHEM are also presented in this

paper.
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. INTRODUCTION

URGE analysis in power transmission systems requires

accurate calculations of earth-return parameters. Earth-
return impedance and admittance are significantly influenced
by the characteristics of earth compositions [1]. In reality, the
earth has a layered structure and generally consists of three to
five layers [2]-[15] with different electromagnetic properties.
Also, several formulations of earth-return impedance on
overhead lines are proposed in [2]-[15].

Recently, an Equivalent Homogeneous Earth Method
(EHEM) that calculates the earth-return impedance and
admittance of overhead lines above an N-layer earth was
developed in [16], [17]. The EHEM adopts a newly proposed
concept of equivalent propagation constant of earth, thus the
EHEM can deal with arbitrary earth electromagnetic
properties. In comparison to the exact formula (EF), for which
more details can be found in [17], the EHEM has several
remarkable advantages, such as high accuracy, simplification
of formulas and high computational efficiency [17].

Although EHEM is well derived in [15]-[17], several
significant aspects i.e., equivalent propagation constant of
earth, convergence characteristics of integrand used in EHEM
and parametric study of EHEM, still need further
investigations in comparison to EF method in frequency
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domain.
Therefore, this paper presents research work regarding
further validation of EHEM proposed in [17]. The paper is

organized by the following sections. In Section II, the
theoretical backgrounds of EHEM and EF methods are
reviewed and summarized. In Section Ill - A, since the newly

produced EHEM is based on the equivalent propagation
constant of earth, the characteristics of equivalent propagation
constant of earth are studied by adopting different real multi-
layer earth compositions. Also, the convergences of integrand
used in EHEM and EF methods are discussed and compared
based on various conditions in Section Il - B. Moreover, the
parametric influences on the deviations of self- and mutual
earth-return impedances calculated using EHEM and EF
methods are investigated in Section Il - C. It gives solid
validations for EHEM, which have not been performed in
[17].

Il. THEORETICAL BACKGROUND

Fig. 1 shows a transmission system composed of overhead
conductors above an N-layer earth. The radii of conductor i

and jare  and r;. The term d represents depth of earth
layer and the depth of the lowest layer extends to infinity.
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Fig. 1 Overhead conductors above an N-layer earth.

The permeability and permittivity of air are set to x4, and
& . The permeability, resistivity and permittivity of the N-
layer earth are defined by u,, p, (conductivity o, =1/p,)
and ¢,, where n=1---N . The conductor heights are h;



and h;, and y; represents the horizontal distance between
two conductors.

A. Calculation of series impedance of overhead lines
The transmission line (TL) based approach can be
characterized by the extended and classical TL methods [18]-
[26]. For the extended TL approach, the generalized formula
of series impedance of a multi-phase overhead line shown in
Fig. 1 has the following expressions [18]-[26].

Z=27;,+Z, (1)
where Z; is an internal impedance matrix and Z, is an
earth-return impedance matrix.

The diagonal element of matrix Z; can be evaluated using

various formulas proposed in [1], [27].

B. Expressions of earth-return impedance

The mutual element of Z, in (1) can be calculated by
the following expression [17].
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The term AZ; represents the correction of lossy earth

where

with stratified structure of soil up to N layers, and it has
Azeij _ Ja;[,uo ‘[(:-OOF(S)e—s(hi+hj)cos(syij)ds 4)

The exact formula of irrational F(s) in (4) has been

derived in reference [17] based on a recursive method, and it
gives
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Recently, the EHEM based F(s) in (4) has been
proposed and developed in reference [17]. Considering an N-

and

layer earth structure, it has the following formula.
1
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where the equivalent propagation constant of N-layer earth has

-2|d
Vel +7/eq2,3 - (7/e1 _7/eq2,3)e ‘ 1%1
Veq = Vet 2ldilre (10)
Vel +7eq2,3 +(7el _7eq2,3)e
with
—2|da—di|re2

Ve2 tVeq3a ~\Ve2 ~Veq34 )€

Veq2,3 = Ve2 ( ) (11)

-2/d—dy]ye2
Ve2 T Veq34 +(7e2 _7eq3,4)e

—2|d3—da|res
7e3+7’e4,5—(7e3—7e4,s)e | e

Ve3tVess T (7e3 ~7eas

Veq3 s = Ve3 )e—z\ds—dz\%s

—2ldN-1-dN-2|7eN -1
Yen-1tVen = (Zen-1=7en ) | e

—2{dN-_1-dN-2[7eN-1
Yen-1tYen +(Veno1—Zen )€ | e

YegN-1LN = YeN-1

(12)
and
2 2 2 2 2 2
Ya =71~ 70 7e2:\/72 —70 > 7e3:\/73_70 (13)
/ 2 2 / 2 2
VeN-1 =NVN-1"7%0 » YeN =NVN ~70 (14)

It should be noted that the self-element of Z, can be
evaluated by adopting h;=h; and y; =% or rj.

I1l. FREQUENCY DOMAIN RESPONSES

Although EHEM is derived and validated with the exact
formulas in [17], it still needs further investigations for the
following new aspects in frequency domain.

A. Equivalent propagation constant of earth

The newly developed EHEM is based on the concept of
equivalent propagation constant of earth. The characteristics
of equivalent propagation constant of earth should be
investigated with different real multi-layer earth compositions.

As shown in Fig. 2 to Fig. 5, the absolute value of the
equivalent propagation constant of earth is calculated based on
different earth cases which are given in the Appendix.
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Fig. 2 Absolute value of propagation constant based on Case 2.
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Fig. 3 Absolute value of propagation constant based on Case 5.
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Fig. 5 Absolute value of propagation constant based on Model 19 in [17].

It is clear that |yeq| shows a highly frequency-dependent

characteristic. At the low frequency region, |;/eq| is the same
as the absolute value of propagation constant of earth in the
bottom layer, i.e. [yeq|=r,| for Case 2 and |yeq|=lys| for
Case 5. The reason is that the penetration depth of earth is

large in the low frequency region, thus the bottom layer is
dominated in the calculation of (9) and (10).

However, |;/eq| experiences a transition state as frequency
increases. Since the penetration depth of earth decreases as
frequency increases, |;/eq| gradually converges to the
absolute value of propagation constant in the upper layers of
earth. Therefore, the frequency-dependent transition state of
|7/eq| is significant in the calculation of earth-return
impedance considering influence of multi-layer earth.
Moreover, |}/eq| shows more complicated transition state in

Fig. 5 than those shown in cases 2, 5 and 8 due to more layers
of earth. Thus, the transition state can be regarded as a change
of dominated layer of earth due to influence of frequency.

B. Comparison of convergence of integrand between
exact formula and EHEM

This section mainly discusses the convergence of the
integrand used in EHEM, i.e. (4) and (9). The calculated real
and imaginary parts of the integrand based on EHEM are
compared with the values evaluated using EF formulas (4)
and (5). Also, the deviation of the integrand between EHEM
and exact formula are explained.

As illustrated in Fig. 6 to Fig. 11, the integrands of mutual
impedance based on a three-phase untransposed horizontal
overhead line [27] are calculated and analyzed. The line data
ish =25 m,y =14 m, conductor radius r. = 1 ¢cm and
conductor resistivity p. = 3.78x10®% Qm. Two frequencies 60
Hz and 100 kHz are adopted into the calculations. Moreover,
the real multi-layer earth compositions ranging from two
layers to six layers are used in the following evaluations.

A stable convergence of both real and imaginary parts of
integrand at f = 60 Hz is observed in Fig. 6, Fig. 8 and Fig. 10.
The upper limit of integral variable can be set to 0.1 since the
integrand converges effectively to 0. Also, minor differences
are observed between EF and EHEM methods in Case 5 and
Case 6.

Next, once frequency increases to 100 kHz, the real and
imaginary parts of integrand show good convergence as
illustrated in Fig. 7, Fig. 9 and Fig. 11. The upper limit of
integral variable at high frequency shifts to 1 instead of 0.1 at
low frequency. Therefore, it could be straightforward to set the
upper limit of integral variable in (4) equal to 1 for EF and
EHEM methods, and it is qualitatively enough for accuracy
considering a wideband frequency characteristic. Also, the
value of both parts of integrand decreases as frequency
increases. Again, no significant differences between results
evaluated by EF and EHEM are observed.
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Fig. 6 Real and imaginary parts of integrand evaluated based on EF and
EHEM, f = 60 Hz and two layers of earth.
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Fig. 7 Real and imaginary parts of integrand evaluated based on EF and
EHEM, f = 100 kHz and two layers of earth.
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Fig. 8 Real and imaginary parts of integrand evaluated based on EF and
EHEM, f = 60 Hz and three layers of earth.
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Fig. 9 Real and imaginary parts of integrand evaluated based on EF and
EHEM, f =100 kHz and three layers of earth.
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Fig. 10 Real and imaginary parts of integrand evaluated based on EF and
EHEM, f = 60 Hz and four layers of earth.
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Fig. 11 Real and imaginary parts of integrand evaluated based on EF and
EHEM, f = 100 kHz and four layers of earth.
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From the view point of impedance calculation, in general, a
positive real part of integrand results into a positive reactance
of earth-return impedance in (4), and a negative imaginary
part of integrand produces a positive resistance of earth-return
impedance in (4). Thus, the integrand of EHEM used in (4)
shows a high accuracy.

C. Parametric study of EF and EHEM

This section further investigates the parametric influence
on calculations of self- and mutual earth-return impedance of
overhead lines above a multi-layer earth using EF and EHEM
methods. This analysis gives a solid validation of EHEM,
which has not been performed in [17].

1) Self-impedance

A single overhead conductor above a multi-layer earth with
radius rc = 1 cm and conductor resistivity pc = 3.78x10® Qm is
adopted into the calculations of self-impedance. The deviation
is calculated based on (15) and plotted as a function of
frequency and height of conductor. The height is varied from 1



m up to 100 m which can cover major vertical configuration of

overhead lines.

Z -Z
Deviation :| LU(EHEM) _ T11(EF) | x100%
11(EF)

where  Zyygpgyy is self-impedance evaluated by (9) and

Zyyery s self-impedance evaluated by (5).

As illustrated in Fig. 12, Fig. 13 and Fig. 14, the maximum
deviations are less than 1% for all cases of earth composition.
The visible deviation appears at the high frequency together
with conductor close to surface of earth, because EHEM may
not represent full characteristics of earth-return effect in high
frequency due to its approximation.

In general, the conductor height and earth compositions
have negligible influence on deviation of self-impedance.
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Fig. 12 Deviation of self-impedance as function of height and frequency, two
layers of earth.
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Fig. 13 Deviation of self-impedance as function of height and frequency, three
layers of earth.
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Fig. 14 Deviation of self-impedance as function of height and frequency, four
layers of earth.

2) Mutual impedance

Two overhead conductors above multi-layer earth are
adopted into calculations in this section based on vertical and
horizontal variations. The deviation of mutual impedance
between the conductors are given below.

- Z1z(er) | x100%
| ZlZ(EF)

where  Zypgngny 1S mutual impedance evaluated by (9) and

Deviation = |212(EHEM) _

(16)

Zypery 1s mutual impedance evaluated by (5).

Again, the deviation is calculated as a function of
frequency and geometrical configuration.
a) Vertical distance variation
The height of an overhead conductor is set to h, =25m,

and the height of another conductor is varied from 1 m to 100
m using logarithmic sampling. The separation between two
conductors is y;, =14 m.

The deviations evaluated using (16) are shown in Fig. 15,
Fig. 16 and Fig. 17. The maximum deviation, i.e. 5%, is
observed in Case 6 with large separation and high frequency.
In fact, it means that the EHEM is less accurate to represent
the complex transition state between multiple layers of earth.
A similar phenomenon can be observed in Case 5, Case 7,
Case 8 and Case 9. However, the first layer of earth is
dominant in very high frequency region, i.e. f >100kHz,

thus, the deviation decreases as frequency increases.
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Fig. 15 Deviation of mutual impedance as function of height and frequency,
two layers of earth.
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Fig. 16 Deviation of mutual impedance as function of height and frequency,
three layers of earth.
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Fig. 17 Deviation of mutual impedance as function of height and frequency,
four layers of earth.

The deviation of mutual impedance is more sensitive to the
separation in comparison to results obtained for self-
impedance.

b) Horizontal distance variation

The heights of two horizontal overhead conductors are set

to by =h, =25m. The separation between two conductors is

varied from 1 m to 100 m using logarithmic sampling.
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Fig. 18 Deviation of mutual impedance as function of separation and
frequency, two layers of earth.
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Fig. 19 Deviation of mutual impedance as function of separation and
frequency, three layers of earth.

g y \
%
A 10724
107 e
0 T g 1o
ol 9.
w0 0 '
Separation (m) f(Hz)
(a) Case 7
P \x g 1ot \
> g
E
5 = 107~
0% e g6 107 w108
10! m’ 10* foh TSl m 104
0 (1] 0 (]
Separation (m) 10710 /(Hz) Separation (m) 107 10 f(Hz)
(b) Case 8 (c) Case 9

Fig. 20 Deviation of mutual impedance as function of separation and
frequency, four layers of earth.

The maximum deviation is observed in Case 7 with around
2%. It should be noted that the maximum separation is 100 m,
and it is much smaller than wavelength 299.79 m at f = 1
MHz.



It should be noted that the earth compositions with five and
six layers shown in [17] are also used to validate EHEM
against EF method. In general, the deviations of self- and
mutual earth-return impedances are less than 5%, although the
results are not discussed in this paper.

IV. CONCLUSIONS

This paper reviews the recently developed EHEM and EF
methods for calculation of earth-return impedance of overhead
lines above a multi-layer earth. It presents a comprehensive
study of EHEM with the following conclusions.

The characteristics of equivalent propagation constant of
earth are highly frequency-dependent. A transition state from
low frequency to high frequency is observed, which means
that the dominant layer of earth moves from bottom to top as
the frequency increases.

The analysis of integrand of EHEM shows high
convergence and less errors in comparison to EF method. The
deviation of calculation of earth-return impedance is less than
5% in general. Also, it is sensitive to the transverse
geometrical dimensions of lines, especially for the height and
separation distance of conductors. Therefore, the EHEM can
be used in EMT simulations as an important supplement to the
EF method.

V. APPENDIX

The multi-layer earth compositions used in the calculations
of Section I1l are given in Table I [17].

TABLE |
MULTI-LAYER EARTH COMPOSITIONS
Case Depth of Layers (m) Resistivity (Qm)
d d | d p1 p2 ps | ps
Cl 2.7 373 145
C2 2.1 0 247 1064 -
C3 1.7 57 97
C4 3.1 18.1 128 1923 521
C5 34 121.8 © 222 137 14 -
C6 11 22.2 33 26 284
C7 1.2 6.5 27.6 235 3571 205 1515
C8 0.3 2.7 7.3 19 42 524 571
C9 4.5 12.5 35.2 122 835 75 334
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